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OPTIMAL GUIDANCE AND CONTROL FOR INVESTIGATING 
AIRCRAFT NOISE-IMPACT IZEDUCTION 
Elwood C.  S tewar t  and Thomas M. Carson 
Ames  Research Center  
SUMMARY 
A s  p a r t  of a NASA program t o  i n v e s t i g a t e  t e c h n i c a l  approaches f o r  i nc reas -  
i n g  t h e  t e rmina l  area e f f e c t i v e n e s s  of advanced shor t -hau l  a i r c r a f t ,  t h i s  
r e p o r t  i s  concerned wi th  a methodology f o r  i n v e s t i g a t i n g  t h e  r e d u c t i o n  of com- 
munity n o i s e  impact.  There are a number of computer programs a v a i l a b l e  f o r  
t h e  gene ra t ion  of n o i s e  f o o t p r i n t s ,  a l l  of  which r e q u i r e  v a r i o u s  i n p u t  d a t a  
t h a t  are u s u a l l y  unava i l ab le .  This  r e p o r t  i s  concerned w i t h  t h e  development 
of two models t o  provide such d a t a :  a guidance gene ra to r  and an a i r c r a f t  con- 
t r o l  gene ra to r  s u i t a b l e  f o r  v a r i o u s  c u r r e n t  and advanced types  of a i r c r a f t .  
The guidance gene ra to r  produces t h e  commanded p a t h  informat ion  from i n p u t s  
chosen by an ope ra to r  from a graphic  scope d i s p l a y  of a land-use map of t h e  
t e rmina l  area. The guidance gene ra to r  a l s o  produces smoothing a t  t h e  junc- 
t i o n s  of s t r a i g h t - l i n e  pa ths .  The a i r c r a f t  c o n t r o l  gene ra to r  determines t h e  
opt imal  s e t  of t h e  a v a i l a b l e  c o n t r o l s  such t h a t  t h e  a i r c r a f t  w i l l  f o l low t h e  
commanded pa th .  The s o l u t i o n s  f o r  t h e  c o n t r o l  f u n c t i o n s  are g iven  and shown 
t o  be dependent on the  class of a i r c r a f t  t o  be cons idered ,  t h a t  i s ,  whether 
the  t h r u s t  vec to r  i s  r o t a t a b l e  and whether t h e  t h r u s t  v e c t o r  a f f e c t s  t h e  
aerodynamic f o r c e s .  For t h e  c l a s s  of a i r c r a f t  posses s ing  a r o t a t a b l e  t h r u s t  
v e c t o r ,  t h e  s o l u t i o n  i s  redundant ;  t h i s  redundancy i s  removed by t h e  addi- 
t i o n a l  c o n d i t i o n  t h a t  t h e  n o i s e  impact be minimized. Informat ion  from bo th  
t h e  guidance gene ra to r  and t h e  a i r c r a f t  c o n t r o l  gene ra to r  i s  used by t h e  foot -  
p r i n t  program t o  c o n s t r u c t  t h e  n o i s e  f o o t p r i n t .  
The complete package of models p rov ides  a u s e f u l  methodology f o r  con- 
s t r u c t i n g  an i n t e r a c t i v e  g raph ic s  t o o l  f o r  r a p i d l y  a s s e s s i n g  t h e  e f f e c t s  of 
d i f f e r e n t  a i r c r a f t  t echno log ie s ,  f l i g h t  p a t h s ,  a i r c r a f t  mixes,  and o t h e r  vari- 
a b l e s ,  and f o r  t h e  minimizat ion of n o i s e  impact. These e f f e c t s  are i l l u s -  
t r a t e d ,  u t i l i z i n g  an e x i s t i n g  f o o t p r i n t  program, by s e v e r a l  examples which 
c o n s i s t  of t h r e e  broad c l a s s e s  of CTOL and V/STOL a i r c r a f t .  
INTRODUCTION 
NASA has  been engaged i n  a program t o  i n v e s t i g a t e  t e c h n i c a l  approaches 
f o r  i n c r e a s i n g  t h e  t e rmina l  area e f f e c t i v e n e s s  of advanced shor t -hau l  a i r c r a f t .  
The program i s  in tended  t o  provide  guidance t o  NASA's advanced a i r c r a f t  tech- 
nology program. The p r i n c i p a l  purpose of  t h e  program i s  t o  i n v e s t i g a t e  t h e  
i m p a c t  of v a r i o u s  t e c h n i c a l  a l t e r n a t i v e s  f o r  i n c r e a s i n g  t h e  e f f e c t i v e n e s s  of 
shor t -haul  a i r c r a f t  i n  terms of a i r p o r t  a i r s i d e  c a p a c i t y  and de lay ,  community 
n o i s e ,  a i r  p o l l u t i o n ,  f u e l  consumption, and r i d e  q u a l i t y .  The t e c h n i c a l  
a l t e r n a t i v e s  inc lude  va r ious  advanced a i r c r a f t ,  t h e i r  g r e a t e r  o p e r a t i o n a l  
bounds and range of f l i g h t  p a t h s ,  and av ion ic s .  
This  r e p o r t  i s  concerned wi th  t h e  e f f e c t s  of a i r c r a f t  n o i s e .  Because of 
p u b l i c  concern w i t h  environmental  i s s u e s ,  t h e  importance of t h e  e f f e c t s  of 
a i r c r a f t  n o i s e  has inc reased  s i g n i f i c a n t l y  i n  r e c e n t  yea r s .  W e  are concerned 
he re  wi th  deve loping  a methodology f o r  examining the  t r ade -o f f s  between tech- 
n i c a l  a l t e r n a t i v e s  and community n o i s e  impact.  
A key t o o l  i n  the  assessment o f  n o i s e  impact has  been t h e  development o f  
no i se  f o o t p r i n t  models and programs. Common t o  a l l  t h e s e  models and programs, 
however, i s  t h e  need t o  gene ra t e  r e l i a b l e  i n p u t  in format ion  so as t o  render  
t h e  r e s u l t s  more r e a l i s t i c  and t o  enhance t h e i r  use  i n  examining t h e  many 
v a r i a b l e s  and a l t e r n a t i v e s  a s s o c i a t e d  wi th  n o i s e  r educ t ion .  
The i n p u t  in format ion  i s  of two d i s t i n c t  t ypes .  F i r s t ,  a no i se  f o o t p r i n t  
program must be supp l i ed  wi th  a d e s c r i p t i o n  of t h e  a i r c r a f t  pa th .  For three-  
dimensional  p a t h  op t imiza t ion  purposes ,  t h e  d e s i r e d  a i r c r a f t  p a t h  i s  b e s t  
supp l i ed  by a guidance gene ra to r  which u t i l i z e s  b a s i c  in format ion  from land- 
use maps. I n  t h i s  way, t h e  guidance gene ra to r  g e n e r a t e s  d e s i r e d  o r  op t imal  
p a t h s  which are d i r e c t e d  over areas t h a t  are less s e n s i t i v e  t o  no i se .  The 
guidance gene ra to r  a l s o  gene ra t e s  smoothing, t h a t  is ,  smooth commanded pa ths  
a t  the  j u n c t i o n s  of s t r a i g h t - l i n e  segments s o  as t o  avoid u n r e a l i s t i c a l l y  high 
a c c e l e r a t i o n s .  
Second, t h e  n o i s e - f o o t p r i n t  program must b e  supp l i ed  wi th  a i r c r a f t  con- 
t r o l  f u n c t i o n  informat ion  i n  o r d e r  t o  determine t h e  n o i s e  f o o t p r i n t  based on 
s t o r e d  informat ion  i n  t h e  f o o t p r i n t  program. How much of t h e  c o n t r o l  informa- 
t i o n  i s  r equ i r ed  depends on t h e  p a r t i c u l a r  f o o t p r i n t  program. Most programs 
i n h e r e n t l y  assume i s o t r o p i c  n o i s e  c h a r a c t e r i s t i c s ,  and f o r  them only one of 
t h e  a i r c r a f t  c o n t r o l s ,  t h e  engine parameter (such as engine  t h r u s t ,  t h r o t t l e  
s e t t i n g ,  e t c . )  i s  r equ i r ed .  A more s o p h i s t i c a t e d  f o o t p r i n t  program t h a t  could 
account f o r  a n i s o t r o p i c  n o i s e  c h a r a c t e r i s t i c s  would r e q u i r e  a l l  t he  a i r c r a f t  
c o n t r o l  func t ions  - t h e  engine parameter ,  t h e  d i r e c t i o n a l  c o n t r o l  of t h e  
a c t i v e  t h r u s t i n g  f o r c e s ,  bank angle ,  and ang le  of a t t a c k .  I n  any case, i t  i s  
necessary  t o  re la te  t h e  a i r c r a f t  c o n t r o l  f u n c t i o n s  to t h e  pa th  be ing  flown as 
s p e c i f i e d  by t h e  guidance gene ra to r .  This  i s  b e s t  accomplished by u t i l i z i n g  
the  a i r c r a f t  equa t ions  of motion t o  d e r i v e  an a i r c r a f t  c o n t r o l  gene ra to r  t h a t  
determines t h e  opt imal  s e t  of t h e  a v a i l a b l e  c o n t r o l s  from which those  r equ i r ed  
by the  f o o t p r i n t  program are taken.  
I n  t h i s  r e p o r t ,  w e  d e r i v e  the  models f o r  g e n e r a t i n g  t h e  i n p u t  in format ion  
r equ i r ed  by n o i s e  f o o t p r i n t  models o r  programs. The two models are a guidance 
gene ra to r  and an a i r c r a f t  c o n t r o l  gene ra to r  s u i t a b l e  f o r  va r ious  types  of cur- 
r e n t  and advanced a i r c r a f t .  These two models w i l l  be made compatible  wi th  a 
p a r t i c u l a r  no i se  f o o t p r i n t  program, widely used i n  Government and i n d u s t r y ,  
t h a t  w a s  developed s e v e r a l  yea r s  ago by S e r e n d i p i t y  f o r  t h e  Department of 
T ranspor t a t ion  ( r e f s .  1 and 2 ) .  The models could be  used wi th  a more gene ra l  
f o o t p r i n t  program t a k i n g  i n t o  account a n i s o t r o p i c  n o i s e  s i n c e  a l l  t h e  r equ i r ed  
informat ion  i s  a v a i l a b l e  from the  models developed h e r e .  
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The complete package, when implemented, provides  a u s e f u l  i n t e r a c t i v e  
graphics  o p t i m i z a t i o n  t o o l  f o r  r a p i d l y  a s s e s s i n g  t h e  e f f e c t s  o f  d i f f e r e n t  air- 
c r a f t  t echnologies ,  f l i g h t  p a t h s ,  a i rc raf t  mixes, and o t h e r  v a r i a b l e s ,  and f o r  
minimizing of n o i s e  e f f e c t s .  S e v e r a l  examples are given t o  i l l u s t r a t e  a p p l i -  
c a t i o n s  of t h e  methodology t o  broad c a t e g o r i e s  of advanced a i r c r a f t .  
GENERAL STRUCTURE 
The g e n e r a l  s t r u c t u r e  o f  a system i n c o r p o r a t i n g  a n o i s e  f o o t p r i n t  model, 
t h e  guidance g e n e r a t o r ,  and t h e  a i r c r a f t - c o n t r o l  system model are shown i n  








Sketch ( a )  
The guidance g e n e r a t o r  produces t h e  d e s i r e d  t r a j e c t o r y  and t h e  c o n t r o l  system 
then  a t t e m p t s  t o  make t h e  a i r c r a f t  fo l low t h a t  t r a j e c t o r y .  The f i n a l  element 
i s  t h e  f o o t p r i n t  program which r e q u i r e s  t h r e e  k i n d s  of in format ion:  
(1) s t o r e d  informat ion  d e s c r i b i n g  t h e  n o i s e  c h a r a c t e r i s t i c s  of t h e  a i r c r a f t ;  
f o r  t h e  f o o t p r i n t  program used h e r e  t h i s  s t o r e d  informat ion  c o n s i s t s  of t h e  
n o i s e  c h a r a c t e r i s t i c s  expressed as a f u n c t i o n  of t h e  s l a n t  range and t h e  
engine n o i s e  parameter ;  ( 2 )  i n p u t  in format ion  d e s c r i b i n g  t h e  a i r c r a f t  trajec- 
t o r y ;  and (3) i n p u t  in format ion  d e f i n i n g  t h e  v a r i a t i o n  of  t h e  a i r c r a f t  con- 
t r o l s  d u r i n g  t h e  f l i g h t ;  f o r  t h e  f o o t p r i n t  program t o  be  used h e r e ,  only t h e  
engine parameter is  u t i l i z e d .  
It w i l l  be d e s i r a b l e  t o  modify t h e  s t r u c t u r e  from t h a t  j u s t  d i scussed  t o  
accommodate t h e  requirements  of t h e  p a r t i c u l a r  n o i s e  f o o t p r i n t  program t o  be 
used, and t o  achieve  c e r t a i n  s i m p l i f i c a t i o n s .  I n  t h i s  r e g a r d ,  t h e r e  are t h r e e  
c o n s i d e r a t i o n s .  
F i r s t ,  t h e  f o o t p r i n t  program r e q u i r e s  t h e  t r a j e c t o r y  t o  be  parameter ized 
i n  t e r m s  of segment l e n g t h s ,  p a r t s  of c i rc les ,  and i n c l i n a t i o n  a n g l e s .  
Second, s i n c e  t h e  a i r c r a f t  can fo l low t h e  commanded t r a j e c t o r y  e x a c t l y  ( i n  t h e  
absence of c o n t r o l  e r r o r s ) ,  t h e  system s t r u c t u r e  shown above can be s i m p l i f i e d  
as shown i n  s k e t c h  (b) on t h e  fo l lowing  page. 
Third,  as a r e s u l t  of  t h e  modified s t r u c t u r e ,  i t  is  necessary  t o  genera te  
t h e  opt imal  a i r c r a f t  c o n t r o l s  based on t h e  d e s i r e d  t r a j e c t o r y ,  as i n d i c a t e d  i n  
t h e  s k e t c h  by t h e  a i r c r a f t  c o n t r o l  genera tor .  The s i t u a t i o n  shown i s  f o r  t h e  
f o o t p r i n t  program t o  b e  used h e r e  i n  which only one o f  t h e  c o n t r o l s ,  t h e  
engine parameter  T is  used. For a more g e n e r a l  program, a l l  t h e  c o n t r o l s  
3 
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Sketch (b) 
are a v a i l a b l e  f o r  use.  A s  w i l l  be seen  la ter ,  t h e  a d d i t i o n a l  c o n t r o l s  c o n s i s t  
of t h e  d i r e c t i o n a l  c o n t r o l  of t h e  a c t i v e  t h r u s t i n g  f o r c e s  11, bank ang le  $, 
and ang le  of a t t a c k  a. This  informat ion ,  i n  conjunct ion  wi th  t h e  t r a j e c t o r y  
informat ion ,  provides  a l l  t he  informat ion  t h a t  would be r equ i r ed  by any foot -  
p r i n t  program. 
GUIDANCE GENERATOR 
I n t r o d u c t i o n  
The purpose of t h e  guidance gene ra to r  i s  t o  gene ra t e  informat ion  about  
t he  d e s i r e d  p a t h  of  t he  a i r c r a f t .  I n  t h i s  s e c t i o n  w e  w i l l  cons ider  how t o  
gene ra t e  t h i s  i n fo rma t ion  from a v a i l a b l e  d a t a  and how t o  gene ra t e  i t  i n  a form 
t h a t  w i l l  be  compatible  w i t h  t h e  e x i s t i n g  f o o t p r i n t  program. 
F i r s t ,  cons ide r  t h e  i n p u t  in format ion  a v a i l a b l e  t o  t h e  guidance gener- 
a t o r .  The de te rmina t ion  of t he  d e s i r e d  o r  op t imal  ground t r a c k  informat ion  
f o r  the  purpose of  minimizing no i se  e f f e c t s  must n e c e s s a r i l y  s t a r t  wi th  land- 
use maps of t h e  a i r p o r t  and the  sur rounding  community. This  w i l l  permit  t h e  
s e l e c t i o n  of cand ida te  f l i g h t  pa ths  t h a t  are d i r e c t e d  away from noise-  
s e n s i t i v e  areas. The most convenient  way i n  which t o  d i s p l a y  such maps is  on 
a graphic  scope d i s p l a y  s i n c e  t h i s  ach ieves  good man-machine i n t e r a c t i o n  f o r  
the  no i se  minimizat ion process .  I n  t h i s  form, t h e  g raph ic s  d i s p l a y  r e a d i l y  
i n c o r p o r a t e s  p rov i s ion  f o r  t he  experimenter  t o  s p e c i f y  c e r t a i n  t r i a l  way- 
p o i n t s  t h a t  are t h e  s t a r t  and end p o i n t s  of s t r a i g h t - l i n e  segments of t h e  
ground t r a c k .  The coord ina te s  of t hese  way-points are r e a d i l y  s t o r e d  by t h e  
computer and hence are a v a i l a b l e  as i n p u t s  t o  t h e  guidance gene ra to r .  To 
completely d e f i n e  the  p a t h  of t h e  a i r c r a f t  i t  i s  a l s o  necessary  t o  s p e c i f y  t h e  
v e l o c i t y  and i n c l i n a t i o n  angle  a long  each segment. And f i n a l l y ,  i t  w i l l  be 
necessary  t o  s p e c i f y  the  t o l e r a b l e  a c c e l e r a t i o n  l e v e l s  t o  enable  the  genera- 
t i o n  of s u i t a b l y  smoothed t r a n s i t i o n s  between s t r a i g h t - l i n e  segments, as w i l l  
be d iscussed  s h o r t l y .  
Next, cons ider  t h e  form of t h e  ou tpu t  of  t h e  guidance gene ra to r .  S ince  
the  guidance gene ra to r  ou tpu t  w i l l  be  used d i r e c t l y  by t h e  e x i s t i n g  f o o t p r i n t  
program which is t o  be l e f t  unchanged, t h i s  ou tpu t  must be of a form s u i t a b l e  
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f o r  t h e  f o o t p r i n t  program. The l a t t e r  r e q u i r e s  t h a t  t h e  f l i g h t  p a t h  be 
descr ibed  by a sequence of segments i n  which each segment i s  de f ined  by t h e  
fo l lowing  fou r  v a r i a b l e s :  
% o r  ek k t h  segment l eng th  i n  h o r i z o n t a l  p lane ,  m y  o r  k t h  subtended t u r n  
angle ,  deg 
i n c l i n a t i o n  ang le ,  climb o r  descen t ,  f o r  k t h  segment, deg 
engine  n o i s e  parameter  f o r  t h e  k t h  segment, pe rcen t  of maximum 
'k 
Tk 
Rk t u r n  r a d i u s  of k th  segment, m 
0 = s t r a i g h t  
+ = clockwise 
- -   counterclockwise 
The parameters ,  mk, ek,  and Rk, need t o  be provided by t h e  guidance gene ra to r ,  
t h e  Yk i s  s p e c i f i e d  a s  an i n p u t ,  and t h e  Tk i s  t o  be determined by the  
a i r c r a f t  c o n t r o l  gene ra to r .  
An impor tan t  cons ide ra t ion  i n  t h e  gene ra t ion  of t h e  commanded t r a j e c t o r y  
i s  the  need t o  gene ra t e  a smooth t r a n s i t i o n  between s t r a i g h t - l i n e  segments so 
as t o  avoid u n r e a l i s t i c  s i t u a t i o n s  a t  t h e  j u n c t i o n  of s t r a i g h t - l i n e  segments. 
This  w i l l  be done i n  the  g e n e r a l  three-dimensional  case .  
The t r a n s i t i o n  between s t r a i g h t - l i n e  segments i s  c h a r a c t e r i z e d  by v a r i o u s  
combinations of l a t e ra l ,  normal,  and l o n g i t u d i n a l  a c c e l e r a t i o n s .  There are 
seven p o s s i b l e  combinations of motion on the  t r a n s i t i o n  segments as enumerated 
by the  fol lowing:  
0 P O  # O  
0 0 # O  
0 #o 0 
#o 0 0 
#O 0 #O 
#O #o 0 
#O Po $0 
For each of t h e s e  cases ,  i t  w i l l  b e  necessary  t o  gene ra t e  t h e  informat ion  
r equ i r ed  by t h e  f o o t p r i n t  program. However, many of t h e  cases  are similar and 
t h e  r e s u l t s  f o r  some may be cons t ruc t ed  by combining o t h e r  cases, as w i l l  be  
seen  i n  la ter  developments. B a s i c a l l y ,  t h e r e  are t h r e e  types  of t r a n s i t i o n  
t r a j e c t o r i e s  which need t o  b e  cons idered:  
Type A: arcs wi th  f r e e  end p o i n t s  
Type B: 
Type C: l o n g i t u d i n a l  a c c e l e r a t i o n  wi th  f i x e d  end p o i n t s  
arcs w i t h  cons t r a ined  end p o i n t s  
Rather  t han  d i s c u s s  each of t h e s e  types  i n  gene ra l  and then  apply  them t o  each 
of t h e  seven p o s s i b l e  cases, i t  w i l l  be  more meaningful t o  d i s c u s s  them i n  t h e  
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con tex t  of t h e  a p p r o p r i a t e  case. I n  p a r t i c u l a r ,  t h e  correspondence w i l l  be  as 
fo l lows  : 




1 ( la teral  equa t fons )  
1 (normal equa t ions )  
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The remainder of t he  seven p o s s i b l e  c a s e s  can be  cons t ruc t ed  from t h e  r e s u l t s  
f o r  t hese  b a s i c  t r a j e c t o r y  types .  
To c l a r i f y  the  i n t e r r e l a t i o n  of t he  v a r i o u s  c a s e s ,  a flow graph of t h e  
computations t o  be d i scussed  i n  the  fo l lowing  s e c t i o n s  i s  shown i n  f i g u r e  1. 
The r e c t a n g l e s  con ta in  t h e  v a r i a b l e s  t h a t  are t o  be computed accord ing  t o  t h e  
a p p r o p r i a t e  equa t ions  t o  fol low.  The i n d i c a t e d  tests are made t o  determine 
whether $, y, and V are requ i r ed  t o  change. Each p o s s i b i l i t y ,  r e p r e s e n t i n g  
one of t he  seven c a s e s ,  l e a d s  t o  a d i f f e r e n t  p a t h  on t h e  flow graph. Dotted 
l i n e s  i n d i c a t e  a f low of in format ion  i n  both d i r e c t i o n s  between r e c t a n g l e s  i n  
a manner made clear by the  a p p r o p r i a t e  equa t ions .  The ou tpu t  of t h e  guidance 
gene ra to r  i s  i n d i c a t e d  by the  seven p o s s i b l e  ou tpu t s  and by a l i s t  of t h e  
ou tpu t  v a r i a b l e s .  
Case 1. Lateral  and Normal Acce le ra t ions  
In t h i s  s e c t i o n  t h e  development of t h e  equa t ions  necessary  t o  gene ra t e  
the  r equ i r ed  o u t p u t s  from the  a v a i l a b l e  i n p u t s  w i l l  be considered.  The gen- 
e r a l  ca se ,  i n  which t h e  a i r c r a f t  is  t u r n i n g  and the  i n c l i n a t i o n  ang le  i s  
changing, w i l l  be cons idered  h e r e ,  and s p e c i a l  cases w i l l  be d e a l t  w i th  later. 
Reference should be made t o  f i g u r e  1 f o r  t h e  flow graph c l a r i f y i n g  t h e  compu- 
t a t i o n s  t o  be d i scussed .  
LateraZ equations (Type A trajectory:  m e  with f ree  end poin ts ) -  L e t  
t h e  p o i n t s  which are 
p lane  be numbered by 
s e l e c t e d  on the g raph ic  
X g ,  x i ,  . . . xk . . . 
and t h e  components Xk and Yk r e p r e s e n t  t h e  
map d i s p l a y  of t h e  h o r i z o n t a l  
where 
coord ina te s  of t he  ground-track 
d i s p l a y .  
t r a j e c t o r y  which i s  based on t h e  t h r e e  chosen p o i n t s  
i t h  and k t h  segments are s t r a i g h t - l i n e  segments and t h e  j t h  segment i s  a 
c i r c u l a r  segment which forms t h e  smooth t r a n s i t i o n  between t h e  i t h  and k t h  
segments. 
F igure  2 i l l u s t r a t e s  t h e  gene ra l  s i t u a t i o n  of  t h e  three-dimensional  
G, XB,  and %. The 
Now cons ide r  how t h e  q u a n t i t i e s  m i  and q, r equ i r ed  f o r  t h e  f o o t p r i n t  
program, can be  determined from t h e  t h r e e  g e n e r a l  p o i n t s  shown i n  f i g u r e  2.  
I n  gene ra l ,  t he  two p o i n t s  X, and X B ,  connected by t h e  i t h  l i n e ,  w i l l  be 
i 
1 s e p a r a t e d  by a d i s t a n c e  d i  and t h e  l i n e  connect ing t h e s e  two p o i n t s  w i l l  
have a d i r e c t i o n  c o s i n e  R i  g iven  by 
R i  = ( 3 )  
Furthermore,  any p o i n t  X on t h e  i t h  l i n e  connect ing X, and XB i s  given 
by 
x = x, + S k i  ( 4 )  
where s i s  t h e  d i s t a n c e  between X, and X. I n  p a r t i c u l a r ,  f o r  t h e  tangency 
p o i n t s  Xp and % shown i n  f i g u r e  2 ,  w e  have 
X p  = X, + s i R i  = XB - (di - si)Ri (5) 
The c e n t e r  of  t h e  c i r c u l a r  arc X, i s  given i n  t e r m s  of Xp and $ by a 
r e l a t i o n  s i m i l a r  t o  equat ion  ( 4 ) :  
Xc = 5 + RRP ( 7 )  
where R i s  t h e  r a d i u s  of t h e  c i r c u l a r  arc and Rp and R q  are t h e  d i r e c t i o n  
c o s i n e s  of t h e  r a d i i  between Xp and Xc, and X and Xc, r e s p e c t i v e l y .  The 
de termina t ion  of t h e s e  t h r e e  q u a n t i t i e s  i s  d e f e r r e d  temporar i ly .  Now, by 
e q u a t i n g  ( 7 )  and (8) and s u b s t i t u t i n g  f o r  
and ( 6 )  w e  o b t a i n  
q 
Xp and % from e q u a t i o n s  (5) 
A(::)= D 
where 
I A = ( t i  -Rk) 4 - RP) D = dilli + R(R 
The s o l u t i o n  i s  
I. 
and t h e s e  are t h e  q u a n t i t i e s  necessary  t o  determine t h e  segments r equ i r ed  f o r  
t he  f o o t p r i n t  program. That i s ,  t h e  i t h  and k t h  s t r a i g h t - l i n e  segments 
shown i n  f i g u r e  2 are 
‘k - ‘6 mk = 
The sequence of c a l c u l a t i o n s  i n  equa t ions  (11)-(13) needs some c l a r i f i c a -  
t i o n .  A t  t h e  start ,  when t h e  a i r c r a f t  i s  t a k i n g  o f f ,  ca = 0, s o  t h a t  s i  
from equa t ion  (11) i s  a l l  t h a t  i s  needed i n  equa t ion  (12)  t o  determine m i .  
For t he  nex t  segment, q i n  equat ion  (13) ,  t h e  s k  comes from a second 
a p p l i c a t i o n  o f  equa t ion  (11) us ing  t h r e e  new p o i n t s  s t a r t i n g  wi th  
t h e  C B  i s  known from t h e  f i r s t  a p p l i c a t i o n  of  equa t ion  (11). I n  s i m i l a r  
f a sh ion  t h e  process  cont inues .  On the  l as t  segment, we  must have s k  = dk so  
t h a t  
Xg wh i l e  
% = dk - cB ( l a s t  segment) (14) 
A s  f o r  t he  j t h  segment, bo th  the  subtended ang le  €lj and t h e  r a d i u s  R 
are r equ i r ed  f o r  t h e  f o o t p r i n t  program and f o r  t h e  preceding  equat ion  (11). 
The subtended ang le  i s  given by t h e  fundamental  r e l a t i o n  
The f o o t p r i n t  program does n o t  recognize  a s i g n  on t h i s  ang le  s o  t h a t  t he  
i n p u t  t o  t h e  f o o t p r i n t  program i s  
T 
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e j  = ]cos-1 R R I 
The s i g n  informat ion  i s  accounted f o r  by s p e c i f y i n g  R as >O o r  <O 
depending on whether e j  w a s  c lockwise o r  counterclockwise.  The manner i n  
which t h i s  i s  done w i l l  be d iscussed  s h o r t l y .  
The magnitude of the  r a d i u s  must be determined by t h e  a c c e l e r a t i o n  t o  be 
allowed. The component of t h e  v e l o c i t y  i n  t h e  ground-track h o r i z o n t a l  p lane  
f o r  t he  j t h  segment i s  V j  cos  Yj. Hence, t h e  l a t e ra l  a c c e l e r a t i o n  a$ i s  
g iven  by 
(Vj cos  Y . ) 2  J 
R a,,, = V.$  COS Y 
= 
J j 
R should be based on t h e  t o t a l  a c c e l e r a t i o n ,  r a t h e r  than determined from t h i s  
equat ion;  f o r  t h i s  reason  t h e  de te rmina t ion  of R i s  d e f e r r e d  temporar i ly .  
It s t i l l  remains t o  determine the  equa t ions  f o r  Rp and R q .  I t  would 
appear  t h a t  because of the  p e r p e n d i c u l a r i t y  of t h e  r a d i u s  and the  i t h  and k t h  
segments, t he  c o n d i t i o n s  
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a 
would be s u f f i c i e n t  t o  de f ine  Rp and R q .  However, t h i s  i s  no t  t h e  case .  I n  
t h e  approach t o  be used he re ,  use w i l l  be made of ske tch  ( c ) .  
Sketch (c)  
W e  w i l l  determine whether t h e  ex tens ion  of l i n e  i l i e s  t o  t h e  l e f t  o r  r i g h t  
of l i n e  k .  L e t  t he  l i n e  i be extended beyond p o i n t  XB. Any p o i n t  on t h i s  
ex tens ion  a d i s t a n c e  s from X, is  given by 
x = x, + Ski  ( 2 0 )  
o r  
L e t t i n g  x = xy, we have 
The only unknowns here  are y and s and t h e  s o l u t i o n  f o r  y i s  
xv - x, 
Y = Y , +  a B i  
i 
Now i t  i s  c l e a r  from t h e  geometry of t h e  s i t u a t i o n ,  r e c a l l i n g  from equa- 
t i o n  (3) t h a t  ai E cos  6i ( see  s k e t c h  ( c ) ) ,  t h a t  
yy > y 3 l e f t  t u r n  
yy < y =$ r i g h t  t u r n  
ai > 0 and 
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yr < y * l e f t  t u r n  
yy > y =j r i g h t  t u r n  
ai < 0 and 
A l e f t  t u r n  imp l i e s  t h a t  R l i e s  on t h e  l e f t  of segment i whi l e  a r i g h t  
t u r n  i m p l i e s  t h a t  R l i e s  on t h e  r i g h t  of  segment i. Define t h e  components 
of R p  and Rq by 
Now f o r  a l e f t  t u r n  w e  have 
I n  a similar way, t he  components of R q  are r e l a t e d  t o  t h e  segment k. Thus, 
we have 
For a r i g h t  t u r n ,  t h e  r e l a t i o n s  f o r  Rp are 
The components of Rq are r e l a t e d  i n  similar f a s h i o n  t o  t h e  segment k. Thus 
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The preceding  r e s u l t s  
R p  = 
R q  
are condensed by t h e  fo l lowing:  
The o r t h o g o n a l i t y  requi rements  of equa t ions  (18) and (19) are e v i d e n t .  
Normal equations (!Type B trajectory:  arc with constrained end p o i n t s ) -  
Consider now the  motion and normal a c c e l e r a t i o n  r e q u i r e d  t o  change t h e  i n c l i -  
n a t i o n  ang le .  For t h i s  purpose the  new diagram shown i n  f i g u r e  3 w i l l  be 
convenient .  Here the  a t t i t u d e  i s  dep ic t ed  as a f u n c t i o n  of t h e  d i s t a n c e  CT 
t r a v e r s e d  i n  the  ground t r a c k ,  and t h e  p o i n t  corresponding t o  X, i n  
f i g u r e  2 i s  de f ined  by 
t o  r e f l e c t  t h e  correspondence. Three such p o i n t s  are shown i n  f i g u r e  3 .  I f  
t he  normal a c c e l e r a t i o n  occur s  between t h e  s a m e  p o i n t s  
l a t e r a l  a c c e l e r a t i o n ,  i t  i s  clear t h a t  t h e  t r a n s i t i o n  t r a j e c t o r y  due t o  normal 
a c c e l e r a t i o n  i s  one w i t h  f i x e d  end p o i n t s .  Thus, t h i s  s i t u a t i o n  i s  an example 
of a type B t r a j e c t o r y  wi th  c o n s t r a i n e d  end p o i n t s .  
Xp and as f o r  t h e  
F i r s t ,  l e t  us determine t h e  t r a n s i t i o n  t r a j e c t o r y  between t h e  segments. 
The i t h  segment has  the  d i r e c t i o n  cos ine  z i  g iven  by 
where the  Y i  va lue  i s  known, t h a t  i s ,  s p e c i f i e d ;  s i m i l a r l y  f o r  zk. It i s  
impor tan t  t o  n o t e  h e r e  t h a t  i n  t h e  equa t ions  t o  fo l low,  y i s  taken  t o  be 
p o s i t i v e  f o r  ang le s  above t h e  h o r i z o n t a l  and nega t ive  below. Thus, t h e  range 
of i n t e r e s t  i s  - ~ / 2  < y < ~ / 2 .  The p o i n t  Zp i s  given by i n s p e c t i o n  of 
f i g u r e  3 as 
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I 
where Az i s  t h e  i n c r e a s e  i n  z a long  segment j .  The cu rva tu re  r e q u i r e d  i n  
the  t r a n s i t i o n  can b e  found by l o c a t i n g  t h e  c e n t e r  Zc of t h e  c i r c u l a r  arc as 
fol lows:  
where zp and 2, 
and are rep resen ted  by 
are t h e  d i r e c t i o n  cos ines  of  t h e  r a d i i  shown i n  f i g u r e  3 ,  
zP = (11) 
The de te rmina t ion  of t h e  d i r e c t i o n  cos ines  w i l l  be  d e f e r r e d  temporar i ly .  
Equating equa t ions  (28)  and (29)  and u t i l i z i n g  equa t ions  (26)  and (27)  w e  
o b t a i n  
The s o l u t i o n  f o r  t h e  unknowns p and Az i s  
R8 
J 
P =  
<P - % 
(30) 
and t h e s e  w i l l  be used in t h e  fo l lowing .  It i s  of i n t e r e s t  t o  no te  t h a t  i n  
the  l i m i t  as yk -+ Y i ,  Az = R 8 j  t a n  Y i ,  and by i n s p e c t i o n  of f i g u r e  3 ,  t h i s  
can be seen  t o  be the. c o r r e c t  l i m i t i n g  va lue .  
The r a d i u s  p j u s t  determined can now be used t o  determine the  normal 
a c c e l e r a t i o n  on the  j t h  segment: 
1 2  
F 
where equa t ion  (32 )  has  been u t i l i z e d  t o  e l i m i n a t e  p .  This  equa t ion  w i l l  be 
used i n  t h e  next  s e c t i o n  t o  determine t h e  l a t e ra l  t u r n  r a d i u s .  
The va lue  of Az determined by equat ion  (33 )  is  used t o  e s t a b l i s h  a 
va lue  f o r  t h e  i n c l i n a t i o n  ang le  du r ing  t h e  t r a n s i t i o n  between s t r a i g h t - l i n e  
segments. This  m a t t e r  wa r ran t s  f u r t h e r  d i scuss ion .  When t h e  i n c l i n a t i o n  
ang le s  on consecut ive  s t r a i g h t - l i n e  segments are d i f f e r e n t ,  t h a t  i s ,  Y i  # Yk, 
the  i n c l i n a t i o n  angle  Yj 
cont inuous manner between Y i  and Yk. However, t h e  n o i s e  f o o t p r i n t  program 
only a c c e p t s  cons t an t  Y va lues .  Consequently,  i n  o r d e r  t o  m e e t  t h i s  
requirement of t he  f o o t p r i n t  program; i t  i s  necessary  t o  determine an appro- 
p r i a t e  cons t an t  va lue  f o r  Y j .  This  should be done s o  t h a t  t h e  end p o i n t  2 
i s  t h e  same va lue  t h a t  would be ob ta ined  from t h e  c i r c u l a r  segment. Thus, 
on the  c i r c u l a r  connect ing segment w i l l  vary  i n  a 
q 
Az ‘IP - ‘I9 
SP - Cq 
t a n  Y = -  = j R e j  (35 )  
where equa t ion  (33 )  has  been used t o  o b t a i n  t h e  expres s ion  on t h e  r i g h t  s i d e .  
It  i s  s t i l l  necessary  t o  determine t h e  d i r e c t i o n  cos ines  Z p  and I,, 
which have been t a c i t l y  assumed t o  be known i n  t h e  preceeding  development. 
Since p i n  f i g u r e  3 i s  perpendicular  t o  both  t h e  i t h  and k t h  segment, w e  
have 
(36 )  
T- Z i L  = o  P 
m 
I I Z  = o  
k q  
Using equa t ion  (25) i n  t h e  above equa t ions  y i e l d s  
(37 )  
The o r t h o g o n a l i t y  r e l a t i o n  is no t  s u f f i c i e n t  t o  determine t h e  s i g n s ,  and more 
informat ion  i s  needed. 
Consider now t h e  de t e rmina t ion  of t h e  s i g n s  of  t h e  d i r e c t i o n  cos ines  
and 2,. 
is  de f ined ,  i t  is  clear t h a t  
From geometr ic  c o n s i d e r a t i o n s  i n  f i g u r e  3 and t h e  way i n  which Y 
Yi 7 Yk * p 
Yi < Yk * p 
lies below t h e  p a t h  
l i es  above t h e  p a t h  
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as t h e  a i r c r a f t  proceeds a long  t h e  t r a j e c t o r y .  Thus f o r  Yi > Yk, 
I n  similar f a s h i o n ,  
- nq - -<k 
For the  o t h e r  case  i n  which Y i  < Yk, t h e  components of 1, are 
sp = cos  ( Y i  + ;) = - s i n  Y i  = -qi 
and t h e  components of Zq  are 
The equa t ions  i n  t h i s  paragraph are v a l i d  f o r  
Y i s  r e s t r i c t e d  because f o r  l a r g e  ang le s  nea r  271 t h e  above sequence of 
equa t ions  breaks  down, and because [ -~ r /2 ,  ~ / 2 ]  i s  t h e  range of p r a c t i c a l  
i n t e r e s t .  
-7~12 < Y < 7 ~ 1 2 .  The range of 
The foregoing  can be summarized by t h e  fo l lowing  
where - n / 2  < Y < 7 ~ 1 2 .  The o r thogona l i ty  requi rements  of equa t ions  ( 3 6 )  
and (37 )  are c l e a r l y  s a t i s f i e d .  
Lateral turn radius- The de te rmina t ion  of t h e  l a t e ra l  t u r n  r a d i u s  R has  
been d e f e r r e d  u n t i l  now so  t h a t  i t  could be  based on the  t o t a l  a c c e l e r a t i o n .  
The t o t a l  a c c e l e r a t i o n  a, i s  g iven  by combining equa t ions  (17) and ( 3 4 ) :  
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where t h e  j s u b s c r i p t  has  been suppressed  because t h e  v e l o c i t y  i s  cons t an t  
on segments i, j ,  and k.  Equat ion ( 4 2 )  can be  so lved  f o r  R f o r  a s p e c i f i e d  
va lue  of ao, and the  r e s u l t  i s  
Since  Y j  v a r i e s  from Yi t o  Yk corresponding to t h e  ends of t h e  j t h  seg- 
ment, t h e  maximum a c c e l e r a t i o n  w i l l  occur  a t  e i t h e r  end,  and a maximum opera- 
t i o n  is  requ i r ed  as shown i n  equa t ion  ( 4 5 )  below. Fur the r ,  t h e  f o o t p r i n t  
program r e q u i r e s  a s i g n  convention on R t o  i n d i c a t e  c lockwise o r  counter-  
clockwise tu rn ing .  The c o r r e c t  s i g n  i s  ob ta ined  from t h e  fol lowing:  
( 4 4 )  I sgn(a i )  (y - y,) > 0 * clockwise * R > 0 sgn(cri)(y - y,) < 0 * counterclockwise R < 0 
as can be seen from equa t ion  ( 2 2 )  and the  d i s c u s s i o n  l e a d i n g  up t o  i t . .  Thus, 
This  r e s u l t  determines 
t i o n  w i l l  n o t  exceed a 
the  l a t e r a l  t u r n  r a d i u s  such t h a t  t h e  t o t a l  acce le ra -  
s p e c i f i e d  va lue .  This  r e s u l t  i s  a l s o  needed t o  com- 
p l e t e  t he  de te rmina t ion  of t he  normal equa t ions  which have been dependent 
on R. 
Case 2 .  Lateral  Acce le ra t ion  Only 
This  i s  a t r i v i a l  s p e c i a l  ca se  of Case 1, and t h e  equa t ions  given t h e r e  
a r e  s u f f i c i e n t .  I n  Case 2 ,  t h e r e  i s  no change i n  t h e  i n c l i n a t i o n  ang le  
between consecut ive  segments, and t h i s  i n d u d e s  s p i r a l  type  motion. The f low 
graph of the  computations involved h e r e  are shown i n  f i g u r e  1. 
Case 3 .  Normal Acce le ra t ion  Only 
The guidance equa t ions  f o r  t h e  case i n  which only  normal a c c e l e r a t i o n  i s  
requ i r ed  on the  t r a n s i t i o n  between s t r a i g h t - l i n e  segments are considered he re .  
This i n c l u d e s  the  p l a n a r  so-ca l led  r'two-segmentlr pa ths .  
involved i s  Type A ,  t h a t  i s ,  an arc wi th  f r e e  end p o i n t s .  For t h i s  reason ,  
The t r a j e c t o r y  
1 5  
I 
t h e  r e s u l t s  f o r  this case are n o t  o b t a i n a b l e  from t h e  normal equa t ions  f o r  
Case 1 s i n c e  t h e  normal equa t ions  t h e r e  w e r e  f o r  a Type-B t r a j e c t o r y ,  an a r c  
w i t h  f i x e d  end p o i n t s .  That i s ,  t h e  j u n c t i o n  p o i n t s  of t h e  t r a n s i t i o n  segment 
f o r  Case 1 w e r e  determined by t h e  l a t e r a l  motion and t h e  normal motion w a s  
" f i t "  t o  t h e s e  j u n c t i o n  p o i n t s .  I n  t h e  p r e s e n t  case t h e  l a t e ra l  motion is  
absen t  s o  t h a t  t h e  j u n c t i o n  p o i n t s  f o r  t h e  normal equa t ions  are f r e e .  S ince  
t h e  p r e s e n t  case i s  a Type-A t r a j e c t o r y ,  i t  i s  b a s i c a l l y  t h e  s a m e  as f o r  t h e  
l a te ra l  equa t ions  of  Case 1, and t h e  r e s u l t s  t h e r e  are immediately a p p l i c a b l e .  
However, t h e r e  are minor d i f f e r e n c e s ,  and i n  o r d e r  t o  avoid confus ion ,  t h e  
equa t ions  and diagram of t h e  s i t u a t i o n  w i l l  be  given.  Reference should b e  
made t o  f i g u r e  1 f o r  a f low graph of  t he  computations.  
Consider t h e  gene ra t ion  of t he  segment l e n g t h s  r equ i r ed -by  t h e  nois: 
f o o t p r i n t  program. For t h e  case be ing  cons idered ,  we have I) = 0 and Y # 0 
a t  t h e  j u n c t i o n  between s t r a i g h t - l i n e  segments. This  s i t u a t i o n  i s  dep ic t ed  i n  
f i g u r e  4 .  Since  t h e  equa t ions  f o r  t h i s  ca se  w i l l  be similar t o  those  devel-  
oped earlier f o r  t h e  la teral  case, t h e  d i s t a n c e  v a r i a b l e s  have been i t a l i c i z e d  
t o  d i s t i n g u i s h  them from those  shown i n  f i g u r e  2.  
and Zq are given by 
The j u n c t i o n  p o i n t s  Zp 
zp = z, + sizi = Z B  - (di - Si)Zi 
where si and CB are t h e  q u a n t i t i e s  t o  be determined.  The c e n t e r  of t h e  cir-  
c u l a r  arc Zc i s  g iven  i n  t e r m s  of Z and Zq by P 
2, = zp + pz, 
zc = zq + p z q  ( 4 9 )  
where p i s  t h e  r a d i u s  of t he  c i r c u l a r  arc, and 2, and Z q  are t h e  d i r e c t i o n  
cos ines  of t h e  two r a d i i  shown i n  f i g u r e  4 .  Equat ing equa t ions  ( 4 8 )  and ( 4 9 )  
and u t i l i z i n g  equa t ions  ( 4 6 )  and ( 4 7 )  we o b t a i n  
BC;)  = E 
where 
E = diZi + p(Zq - Zp) 
Of t h e  va r ious  q u a n t i t i e s  involved he re ,  z i  and Zk 
t i o n  (25), zp and 2, 
are s t i l l  given by equa- 
are g iven  by equa t ions  ( 4 0 )  and (41), and d i  i s  given 
by 
1 6  
where d i  is  de f ined  i n  equa t ion  ( 2 ) .  The remaining v a r i a b l e ,  t h e  r a d i u s  p ,  
must be based s o l e l y  on t h e  normal equa t ions  s i n c e  t h e r e  i s  now no la te ra l  
motion f o r  t h i s  case .  For a given choice of normal a c c e l e r a t i o n ,  ay,  p 
t he  j t h  segment i s  g iven  by 
vj  
=Ti 
The s o l u t i o n  of equa t ion  ( 5 0 )  i s  
and t h e s e  are the  q u a n t i t i e s  t h a t  are needed i n  o r d e r  t o  determine t h e  segment 
l e n g t h s  r equ i r ed  by t h e  f o o t p r i n t  program. The l e n g t h s  of t h e  i t h  and k t h  
s t r a i g h t - l i n e  segments are then  given by 
mi = si - ea ( 5 4 )  
and they a r e  determined s e q u e n t i a l l y  i n  conjunct ion  w i t h  equa t ion  ( 5 3 )  much as 
has  been desc r ibed  ear l ie r  i n  connec t ion  wi th  equa t ions  (12) and (13) .  Since 
t h e  f o o t p r i n t  program r e q u i r e s  segments i n  the  h o r i z o n t a l  p l ane ,  t he  i t h  and 
k t h  segments t o  be used i n  t h e  f o o t p r i n t  program are g iven  by 
( 5 6 )  - mi - mi cos  yi = mici 
The equa t ions  s i m p l i f y  on t h e  las t  segment where t h e  
ments are t h e  s a m e .  Thus i f  t h e  segment a f t e r  t h e  k t h  segment has  t h e  s a m e  
i n c l i n a t i o n  ang le ,  i t  i s  c l e a r  from f i g u r e  2 t h a t  equa t ion  ( 5 3 )  i s  simply 
Y ' s  on consecut ive  seg- 
Then equat ion  ( 5 5 )  becomes 
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and e q u a t i o n  (57) becomes 
(58) = dk - CB C O S  Yk 
Here t h e  dk i s  known from equat ion  (2), and t h e  eB has  a l r e a d y  been d e t e r -  
mined. The l e n g t h  of  t h e  j t h  segment i s ,  by o b s e r v a t i o n  of f i g u r e  4 ,  
This  completes t h e  d e t e r m i n a t i o n  of t h e  segment l e n g t h s  
r e q u i r e d  by t h e  n o i s e  f o o t p r i n t  program. 
m i ,  m j ,  and mk 
The i n c l i n a t i o n  a n g l e s  Y i ,  Y j ,  and Yk f o r  t h e  i t h ,  j t h ,  and k t h  seg- 
ments are a l s o  r e q u i r e d  by t h e  n o i s e  f o o t p r i n t  program. The va lues  f o r  Y i  
and Yk are known because they w e r e  chosen, and t h e  v a l u e  of Y j  v a r i e s  con- 
t i n u o u s l y  between t h e s e  v a l u e s .  
n o i s e  f o o t p r i n t  program, a s u i t a b l e  v a l u e  which g i v e s  t h e  c o r r e c t  end p o i n t  
Zq i s  
Since  a c o n s t a n t  v a l u e  i s  r e q u i r e d  by t h e  
e ( s i n  yi + s i n  yk) n i  + nk 
(60) -~ - - 
B 
t a n  Y = 
j "j <i + <k 
This  equat ion  can be shown t o  reduce t o  t h e  r e s u l t  
The remaining v a r i a b l e  nceded from t h e  guidance g e n e r a t o r  i s  t h e  r a d i u s  
R which f o r  t h i s  case  w i t h  J, = 0 i s  
This  c o n d i t i o n  can b e  sensed as i n d i c a t e d  i n  f i g u r e  1 by determining i f  con- 
s e c u t i v e  d i r e c t i o n  c o s i n e s ,  R i  and Rk, are t h e  s a m e  ( o r  w i t h i n  some s m a l l  
va lue  E ) .  Thus, 
I R i  - Rkl < E * R = O (62) 
Another v a r i a b l e ,  u s e f u l  f o r  l a t e r  purposes ,  i s  t h e  angle  9 which is  
given by 
cos e = 2 T Z  
P C l  ( 6 3 )  
-I 
From equa t ion  ( 6 3 )  i t  can be  shown, as expec ted ,  t h a t  
Case 4 .  Longi tudina l  Acce le ra t ion  Only (Type C T ra j ec to ry :  
Longi tudina l  Acce le ra t ion  wi th  Fixed End P o i n t s )  
Case 4 t y p i f i e s  t h e  Type-C t r a j e c t o r y  i n  which t h e  p a t h  i s  a s t r a i g h t  
l i n e  i n  space  wi th  l o n g i t u d i n a l  a c c e l e r a t i o n  between f i x e d  end p o i n t s .  The 
f i x e d  end p o i n t s  a r e  a r e s u l t  of s p e c i f y i n g  t h e  p o i n t s  on a land-use map of 
t h e  t e rmina l  area between which t h e  l o n g i t u d i n a l  a c c e l e r a t i o n  is t o  occur .  A 
ske tch  of t h e  s i t u a t i o n  is shown i n  f i g u r e  5 ,  where 
which t h e  a c c e l e r a t i o n  occurs .  A f low graph of t h e  computations is  shown i n  
f i g u r e  1. 
d j  i s  t h e  segment on 
O f  t he  v a r i a b l e s  t o  b e  provided t o  t h e  f o o t p r i n t  program, t h e  segment 
l e n g t h s ,  d i ,  d j ,  and dk are g iven  by equa t ion  ( 2 ) .  The v a r i a b l e  Y j  i s  con- 
s t a n t  a t  t h e  chosen v a l u e ,  and s i n c e  t h e r e  i s  no l a t e ra l  motion, R = 0.  This  
l a t t e r  cond i t ion  can be  sensed by equa t ion  ( 6 2 ) .  
The a c c e l e r a t i o n  between t h e  f i x e d  end p o i n t s  needs t o  be  determined t o  
ensure  i t s  reasonableness  and t o  enab le  curved t r a n s i t i o n  t r a j e c t o r i e s  t o  be  
determined f o r  o t h e r  cases .  For purposes  h e r e ,  w e  w i l l  est imate t h e  acce le ra -  
t i o n  by de termining  t h e  cons t an t  va lue  of a c c e l e r a t i o n  r equ i r ed  t o  m e e t  t h e  
boundary cond i t ions ,  t h a t  i s ,  t h e  i n i t i a l  and f i n a l  v e l o c i t i e s ,  and t h e  d i s -  
t ance  t r a v e r s e d .  Analys is  shows t h a t  a p o i n t  m a s s  moving i n  a s t r a i g h t  l i n e  
between two p o i n t s  s epa ra t ed  by a d i s t a n c e  A s t a r t i n g  wi th  v e l o c i t y  V i  and 
ending wi th  v e l o c i t y  vk r e q u i r e s  a cons t an t  va lue  of a c c e l e r a t i o n  given by 
To apply t h i s  t o  t h e  p re sen t  ca se ,  w e  need only  t o  no te  from f i g u r e  5 t h a t  
A = d j / c o s  Y .  Thus, 
Case 5 .  Lateral  and Long i tud ina l  Acce le ra t ions  
I n  Case 5 ,  t h e  l a t e ra l  motion i s  cons idered  f i r s t  and the  l o n g i t u d i n a l  
motion i s  " f i t "  w i t h i n  t h e  a l lowab le  space .  Thus, i t  i s  a combination of a 
Type-A t r a j e c t o r y  f o r  t h e  l a t e ra l  motion and a Type-C t r a j e c t o r y  f o r  t h e  lon- 
g i t u d i n a l  motion. The la teral  equa t ions  are g e n e r a l l y  t h e  s a m e  as f o r  t h e  
la teral  equa t ions  developed i n  Case 1. However, t h e  equa t ion  f o r  de te rmining  
t h e  t u r n  r a d i u s  w i l l  be  modif ied as shown below. The l o n g i t u d i n a l  equa t ions  
are t h e  same as developed i n  Case 4 .  A f low graph c l a r i f y i n g  t h e  computations 
i s  shown i n  figure 1. 
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The l a t e ra l  t u r n  r a d i u s  i s  based on t h e  t o t a l  a c c e l e r a t i o n  c o n s i s t i n g  of  
t h e  la teral  and l o n g i t u d i n a l  components and i s  g iven  by 
ao2 = a+2 + aV2 
where w e  have used equa t ions  (17) and (65) .  I n  t h i s  case t h e  d i s t a n c e  A can 
be  expressed  i n  t e r m s  of t h e  l a t e ra l  t u r n  r a d i u s  R by 
R 8 j  
A =--- 
cos y 
be d e s i r a b l e  t o  ensu re  t h a t  t h e  d e s i r e d  va lue  of 
no t  exceeded. F u r t h e r ,  t h e  s i g n  of R i s  g iven  
these  i d e a s ,  one o b t a i n s  
Using t h e  above r e l a t i o n s h i p ,  w e  can then s o l v e  equa t ion  (67) f o r  t h e  l a te ra l  
t u r n  r a d i u s .  I n  a d d i t i o n ,  s i n c e  t h e  v e l o c i t y  varies from V i  t o  V j ,  i t  w i l l  
t o t a l  a c c e l e r a t i o n  a, i s  - 
by equa t ion  ( 4 4 ) .  Combining 
Case 6. Normal and Long i tud ina l  
Case 6 i s  s i m i l a r  t o  Case 5 except  t h a t  t h e  
Acce le ra t ions  
l a t e ra l  motion i s  r ep laced  by 
t h e  normal motion. Thus t h i s  case  is  a l s o  a combination of a Type-A t r a j e c -  
t o r y  f o r  t he  normal motion and a Type-C t r a j e c t o r y  f o r  t h e  l o n g i t u d i n a l  motion. 
The normal equa t ions  a r e  obtained from Case 3, b u t  t h e  equa t ions  f o r  t h e  
r a d i u s  must be modified as shown below. The l o n g i t u d i n a l  equat ions  are t h e  
s a m e  as developed i n  Case 4 .  A f low graph of t h e  computations r equ i r ed  f o r  
t h i s  case  a r e  summarized i n  f i g u r e  1. 
The r a d i u s  p i n  t h i s  ca se  i s  determined from t h e  t o t a l  a c c e l e r a t i o n  
2 
a o 2 = a 2 + a  Y V 
where w e  have used equa t ions  (52) and (65) .  Now t he  d i s t a n c e  A is  
A = 0 0  
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(71) 
Combining the  l a t t e r  two equa t ions  and s o l v i n g  f o r  p ,  we o b t a i n  
1 [ + ( vk2 - vi2r]1-’2 
Vn 20 p =  m a x -  n= i ,k  
Case 7. Lateral ,  Normal, and Longi tudina l  Acce le ra t ion  
Case 7 combines the  motion due t o  a c c e l e r a t i o n s  i n  a l l  t h r e e  axes .  Thus 
i t  i s  a combination of Types A, B ,  and C t r a j e c t o r i e s .  The la teral  and normal 
equa t ions  are g e n e r a l l y  t h e  s a m e  as  f o r  Case 1. However, t h e  t u r n  r a d i u s  w i l l  
b e  modified as shown below t o  account  f o r  a l l  t h e  components of a c c e l e r a t i o n .  
The l o n g i t u d i n a l  equa t ions  come from Case 4 as i n d i c a t e d  below. The f low 
graph of t h e  computations f o r  t h i s  ca se  i s  shown i n  f i g u r e  1. 
The t u r n  r a d i u s  R i s  determined from t h e  t o t a l  a c c e l e r a t i o n  which is  
+ a 2 + aV2 (73) Y ao2 = 
The f i r s t  component i s  g iven  i n  t e r m s  of R by equa t ion  (17) and t h e  second 
component i s  given by equat ion  ( 3 4 ) .  The t h i r d  component i s  given by equa- 
t i o n  (65).  However, i t  is  d i f f i c u l t  t o  determine the  d i s t a n c e  A i n  t h a t  
equa t ion  because of t he  combined motions.  W e  w i l l  be conse rva t ive  and t ake  
the  d i s t a n c e  t r a v e r s e d  due t o  l a t e r a l  a c c e l e r a t i o n .  Thus t h e  d i s t a n c e  A i s  
given by equat ion  (68)  where t h e  Y i s  now Y j  from equa t ion  ( 3 5 ) .  That i s ,  
R0 
cos  Y A =  j 
(74) 
Hence w e  have 
To s u i t a b l y  l i m i t  i t  i s  necessary  t o  know where t h e  maximum occurs  on t h e  
j t h  segment. I f  V j  and cos  Y j  are g r e a t e s t  a t  t h e  s a m e  end o f  t h e  j t h  
segment, t he  maximum a c c e l e r a t i o n  w i l l  occur  a t  t h a f p o i n t .  I f  V j  and cos Y j  
are n o t  maximum a t  t h e  s a m e  end of t he  j t h  .segment, t h e  maximum a c c e l e r a t i o n  
may t h e o r e t i c a l l y  occur  anywhere on the  segment, and i t  i s  d i f f i c u l t  t o  de t e r -  
mine where. However, t h e  maximum w i l l  n e a r l y  always occur  where V j  i s  
l a r g e s t  s i n c e  changes i n  cos  Y j  are i n h e r e n t l y  ve ry  s m a l l .  Thus w e  w i l l  
base  t h e  t u r n i n g  on the  a c c e l e r a t i o n  a t  e i t h e r  end of t h e  j t h  segment. 




AIRCRAFT CONTROL GENERATOR 
The gene ra t ion  of t he  opt imal  a i r c r a f t  c o n t r o l s  i s  t h e  s u b j e c t  of  t h i s  
s e c t i o n .  Given t h e  guidance in fo rma t ion ,  i t  i s  d e s i r e d  t o  have t h e  a i r c r a f t  
fo l low t h e  commanded t r a j e c t o r y  by making t h e  proper  choice  of t h e  a v a i l a b l e  
c o n t r o l s .  One of t h e s e  c o n t r o l s ,  t he  engine parameter  in format ion ,  w i l l  be  
r equ i r ed  by t h e  n o i s e  f o o t p r i n t  program. The s o l u t i o n  w i l l  depend on t h e  
class of a i r c r a f t  t o  be cons idered ,  t h a t  i s ,  whether t h e  t h r u s t  v e c t o r  i s  
r o t a t a b l e  and whether t h e  t h r u s t  a f f e c t s  t h e  aerodynamic f o r c e s .  
The a i r c r a f t  equa t ions  of motion w i l l  be  needed as a s t a r t i n g  p o i n t  f o r  
de te rmining  the  c o n t r o l s .  An examination of t h e  equa t ions  of motion i n  
va r ious  coord ina te  systems shows the  v e l o c i t y  coord ina te  system t o  be  t h e  most 
a p p r o p r i a t e .  A set of or thogonal  coord ina te s  i s  chosen t o  be i n  t h e  d i r e c t i o n  
of the  v e l o c i t y  v e c t o r ,  perpendicular  t o  t h e  v e l o c i t y  v e c t o r  i n  a v e r t i c a l  
p l ane ,  and pe rpend icu la r  t o  t h e  v e l o c i t y  v e c t o r  i n  a h o r i z o n t a l  p lane .  
diagram which d i s p l a y s  t h e  va r ious  f o r c e s  involved i s  shown i n  f i g u r e  6 .  
point-mass dynamic equa t ions  are 
A 
The 
mV = T cos (a  + Q) - mg s i n  Y - D (76) 
(77) mvi. = [L + T s i n ( a  + rl) ] cos  9 - mg cos Y 
mv$ cos  y = [L + T s i n ( a  + r l ) ] s in  4 (78) 
The k inemat ic  equa t ions  are 
> = v s i n  Y (79) 
The aerodynamic f o r c e s  are given i n  g e n e r a l  by 
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where t h e  i n c l u s i o n  of T r e p r e s e n t s  t h e  e f f e c t  of t h r u s t  on t h e  aerodynamic 
f o r c e s .  These equa t ions  of motion have t h r e e  s ta te  v a r i a b l e s ,  V, Y ,  and $, 
and fou r  c o n t r o l  v a r i a b l e s ,  T, 17, 4 ,  and c1 which are t o  be  determined. It  i s  
worth no t ing  t h a t  t he  equa t ions  i n  t h i s  coord ina te  system s e e m  t o  r e p r e s e n t  a 
good ba lance  i n  s i m p l i c i t y  between t h e  dynamic and k inemat ic  equa t ions .  For 
example, i f  t h e  dynamic equa t ions  are w r i t t e n  i n  an ea r th - f ixed  coord ina te  
system, the  k inemat ic  equa t ions  become s impler  b u t  t h e  dynamic equa t ions  are 
made more complicated,  and a s o l u t i o n  f o r  t h e  opt imal  c o n t r o l s  i s  d i f f i c u l t  t o  
o b t a i n .  
Now cons ide r  t h e  s o l u t i o n  of t h e  equa t ions  of motion f o r  t h e  c o n t r o l s .  
Equat ions ( 7 6 )  t o  ( 7 8 )  become, when s l i g h t l y  rear ranged ,  
T cos(cr + n) = mg s i n  Y + D + mi ( 8 4 )  
m cos  Y + m~ g L + T s i n ( a  + 17) = cos 4 
mv$ cos  y - m(v cos  Y)’ L + T sin(c1 + rl) = - 
s i n  4 R s i n  4 
where i n  t h e  l a t t e r  t h e  fo l lowing  b a s i c  r e l a t i o n s h i p  f o r  t h e  l a t e ra l  acce lera-  
t i o n  a$ has  been used: 
(v cos  Y)’ 
R 
a+ = V$ cos y = 
The c o n t r o l  f o r  4 can  be obta ined  uniquely by equa t ing  equa t ions  ( 8 5 )  
and ( 8 6 ) :  
VIjJ cos Y - 4 = tan-’ - -  - 
g cos  y + v; 
The c o n t r o l s  T and c1 can be r e l a t e d  by 
the  r e s u l t  i s  
~2 = (mg s i n  Y + D + mir>2 
(V cos  Y ) 2  
R(g cos  y + Vi.) tan- 1 
s o l v i n g  equa t ions  ( 8 4 )  and ( 8 5 ) ,  and 
+ (.. cos 4 
cos + m~ - Lr 
The two c o n t r o l s  rl and a can  be  r e l a t e d  by means of equa t ion  ( 8 4 )  
( 9 0 )  
-1 m g  s i n  Y + D .+ mV 
17 = c o s  - - - - -  T *) - L ( 
These t h r e e  equa t ions  comprise t h e  r e l a t i o n s h i p s  t o  be s a t i s f i e d  f o r  t he  fou r  
c o n t r o l s .  
It is  now necessa ry  t o  examine t h e  cond i t ions  under which T i s  cons t an t  
s i n c e  t h e  f o o t p r i n t  program w i l l  a ccep t  only cons t an t  va lues .  S u f f i c i e n t  con- 
d i t i o n s  are 
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1 Y = V = O  
and $ = c o n s t a n t )  
(91) 
Thus, t he  c o n t r o l  equa t ions  are 
ll = cos-l(mg s i n  Y + D 
(94) 
I f  t h e  engine  parameter  T i s  no t  c o n s t a n t ,  i t  i s  approximated h e r e  by a 
l i n e a r  v a r i a t i o n  between the  two cons t an t  v a l u e s  of t h e  preceding  and follow- 
i n g  segments. The f o o t p r i n t  program c o n t a i n s  t h i s  c a p a b i l i t y .  L e t  T i  and Tk 
be t h e  cons t an t  va lue  of the engine p a r a m e t e r  on t h e  i t h  and k t h  segments 
and l e t  T j  be t h e  non-constant va lue  of t h e  engine  parameter on t h e  j t h  
segment. Then i f  one sets T j  = Tk t h e  f o o t p r i n t  program w i l l  cause T j  t o  
vary w i t h  the  d i s t a n c e  0 as 
where 
This  f u n c t i o n  causes  T j  t o  vary l i n e a r l y  from T i  t o  Tk i n  a f i x e d  d i s -  
tance  of 304.8 m (1000 f t ) .  over  t he  
a c t u a l  computed d i s t a n c e  between t h e  i t h  and k t h  p o i n t s .  This  could be done 
from equat ions  g iven  e a r l i e r ,  bu t  would r e q u i r e  mod i f i ca t ion  t o  t h e  f o o t p r i n t  
program. 
A b e t t e r  procedure would be t o  vary T j  
I f  t he  c o n d i t i o n s  f o r  cons t an t  engine  parameter  T are m e t ,  i t  w i l l  be  
necessary  t o  s o l v e  equa t ions  (92) t o  (94) .  The s o l u t i o n  of t hese  equa t ions  
depends on the  class of a i r c r a f t  t o  be cons idered  and t h e r e  are s e v e r a l  poss i -  
b i l i t i e s .  The t h r u s t  vec to r  angle  may o r  may n o t  be r o t a t a b l e  and the  
t h r u s t  vec to r  may o r  may no t  a f f e c t  t h e  aerodynamic f o r c e s  involved.  Thus i n  
the  fo l lowing  s e c t i o n s ,  w e  w i l l  d i s c u s s  t h r e e  c l a s s e s  of a i r c r a f t .  
C l a s s  A A i r c r a f t :  Thrus t  Angle Fixed 
The Class A a i r c r a f t  i s  t y p i f i e d  by t h e  CTOL a i r c r a f t  i n  which t h e  con- 
t r o l  11, t he  ang le  of t h r u s t  v e c t o r ,  is f i x e d  w i t h  r e s p e c t  t o  t h e  a i r c r a f t .  
For s i m p l i c i t y ,  0 i s  taken  t o  be zero .  An a i r c r a f t  of t h i s  class t y p i c a l  of 
t h e  c u r r e n t  f l e e t  i s  descr ibed  i n  r e fe rence  3 .  F u r t h e r ,  t h e  aerodynamic 
f o r c e s ,  l i f t ,  and d rag  are n o t  a f f e c t e d  by the  engine t h r u s t  so  t h a t  they  are 
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c h a r a c t e r i z e d  by D(V,a) and L(V,a) f o r  a f i x e d  f l a p  s e t t i n g .  Thus t h e  con- 
t r o l  equa t ions  (92) t o  (94) become 
mg s i n  Y + D(V,a) T =  
cos a (97) 
The f i r s t  equa t ion  g ives  cp based on informat ion  from t h e  guidance gene ra to r .  
The second and t h i r d  each expres s  a r e l a t i o n s h i p  between the  two c o n t r o l s  T 
and a, so  t h a t  t he re  i s  a unique s o l u t i o n .  W e  w i l l  n o t  d e a l  w i t h  v a r i o u s  
e s o t e r i c  approaches f o r  s o l v i n g  t h e s e  equa t ions .  Here w e  w i l l  s imply s o l v e  
t h e  l a t t e r  two equa t ions  s imul taneous ly  by a one-dimensional s ea rch  over  a 
such t h a t  equa t ions  (96) and (97) are equal .  This  procedure w i l l  be i l l u s -  
t r a t e d  by a l a t e r  example. 
Class B A i r c r a f t :  Thrus t  Angle Var iab le  
For the  Class B a i r c r a f t  t h e  angle  of t h e  t h r u s t  v e c t o r  i s  r o t a t a b l e ,  
t hus  provid ing  another  degree of c o n t r o l .  I n  t h i s  case equa t ions  (92) t o  (94) 
form a redundant se t  of t he  form 
$ = f ( s t a t e s )  (98) cp 
T2 = fT(cx ,T,$ , s ta tes )  (99) 
TI = f n ( a , T , s t a t e s )  (100) 
These equa t ions  con ta in  f o u r  c o n t r o l  f u n c t i o n s ,  $, T,  a, and and t h r e e  
s ta tes ,  V,  y ,  and $. The redundancy i s  c l e a r  because T and TI are uniquely  
determined from equa t ions  (99) and (100) f o r  any a r b i t r a r y  a. To remove t h i s  
redundancy r e q u i r e s  an  a d d i t i o n a l  cond i t ion .  W e  w i l l  r e q u i r e  t h e  a d d i t i o n a l  
cond i t ion  t h a t  t he  no i se  be minimized by minimizing t h e  engine t h r u s t  T. For 
t h i s  reason ,  i n t e r e s t  c e n t e r s  on e i t h e r  equa t ion  (93) o r  (99) i n  o r d e r  t o  
s a t i s f y  t h e  a d d i t i o n a l  cond i t ion .  The o t h e r  c o n t r o l  equa t ions  are n o t  
involved wi th  t h i s  a d d i t i o n a l  c o n d i t i o n  because t h e  de t e rmina t ion  of t h e  con- 
t r o l  $ from equa t ion  (92) o r  (98) i s . i n d e p e n d e n t  of t h e  o t h e r  c o n t r o l  
v a r i a b l e s ,  and t h e  de t e rmina t ion  of q from equa t ion  (94) o r  (100) fo l lows  
d i r e c t l y  from t h e  s o l u t i o n  f o r  t h e  c o n t r o l s  T and a. Thus, t h e  a d d i t i o n a l  
c o n d i t i o n  t o  be  imposed is  
Min T: ~2 = f p ( a , T , $ , s t a t e s )  
a 
s u b j e c t ,  of course ,  t o  any p a r t i c u l a r  c o n s t r a i n t s  on a and q, depending on 
the  type of v e h i c l e .  How t h i s  equa t ion  i s  so lved  depends on t h e  aerodynamic 
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c h a r a c t e r i s t i c s  of t h e  a i r c r a f t ,  ' t h a t  i s ,  whether t h e  aerodynamic f o r c e s  are 
a f f e c t e d  by t h e  engine  parameter ,  e i t h e r  unavoidably o r  purposely.  Thus, 
t h e r e  are two p r i n c i p a l  types  t o  be  cons idered  and two d i s t i n c t l y  d i f f e r e n t  
approaches f o r  a s o l u t i o n .  
Class B1 aircraft: aerodynamics independent of engine parameter- For 
c e r t a i n  classes of V/STOL a i r c r a f t ,  t h e  aerodynamic f o r c e s ,  l i f t ,  and drag ,  
are n o t  a f f e c t e d  by t h e  engine  parameter T. These Class B 1  a i r c r a f t  have 
been widely used i n  v a r i o u s  s t u d i e s  such as t h a t  of r e f e r e n c e  4 .  Some l i f t -  
f a n  a i r c r a f t  are i n  t h i s  ca t egory  and many des ign  s t u d i e s  have been made f o r  
t h e s e  a i r c r a f t  ( r e f s .  5 and 6 ) .  The l i f t  and d rag  f o r  such v e h i c l e s  are 
f u n c t i o n s  of on ly  two v a r i a b l e s ;  t h a t  is ,  D(V,a) and L(V,a).  The consequence 
of t h i s  i s  t h a t  t h e  minimizat ion i n  equa t ion  (101) becomes of t h e  s imple r  form 
Min T: T~ = f T ( a , + , s t a t e s )  
a 
If t h e  aerodynamic f o r c e s  are g iven  i n  t a b u l a r  form, the  minimizat ion i n  
equa t ion  (102) can be solved by a s imple one-dimensional numerical  s ea rch  
over  a. 
I f  t h e  aerodynamtc f o r c e s  can be  approximated by a s imple expres s ion ,  t h e  
minimizat ion can b e  accomplished a n a l y t i c a l l y .  The well-known Kuhn-Tucker 
problem i s  t o  
Max f ( a )  
s u b j e c t  t o  
where a~ i s  t h e  maximum permi t ted  va lue  of a. Since w e  want t o  minimize T ,  
w e  se t  f ( a )  = -T2 where T2 is  g iven  by equa t ion  ( 9 3 ) .  The approximations 
t o  be used f o r  l i f t  and drag  a r e  
Using t h e s e  approximations,  w e  o b t a i n  
1 
2 f ( a )  = - ~ 2  = - s i n  y + - P S V ~ ( D ,  + D ~ C X  
- - pSV2(L, + L 
2 
= - ( a  + ba2)2  - (c - da)2  I 
(105) 
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where a ,  b y  c y  and d are  f u n c t i o n s  of  Y ,  V, and 4;  t h e  f u n c t i o n s  are 
apparent  from t h e  above e q u a t i o n .  The i n e q u a l i t y  c o n s t r a i n t  can be  made i n t o  
I 
' a n  e q u a l i t y  c o n s t r a i n t  by t h e  s l a c k  v a r i a b l e  y: 
a +  y2 - aL = 0 (106) 
Thus, t h e  Lagrangian f o r  t h i s  problem is  
L = - ( a  + b a 2 ) 2  - ( c  - d a ) 2  - X(a + y2 - a L )  
and t h e  necessary  c o n d i t i o n s  f o r  a minimum are 
L, = -4b2a3 - 2(2ab + d2)a  + 2cd - X = 0 
(107) 
Ly = -2Xy = 0 (109) 
LA = -(a + y2 - aL) = 0 
From equat ion  (109) i t  i s  s e e n  t h a t  t h e r e  are two p o s s i b l e  c a n d i d a t e s  f o r  
t h e  optimum. E i t h e r  X = 0 o r  y = 0,  and i t  i s  necessary  t o  examine both  
p o s s i b i l i t i e s  t o  see which w i l l  l e a d  t o  t h e  s o l u t i o n .  If A = 0,  t h e n  a i s  
n o t  on t h e  boundary and t h e  optimum a is  obta ined  from t h e  s o l u t i o n  of t h e  
c u b i c  equat ion  i n  a, e q u a t i o n  (108) w i t h  X = 0.  On t h e  o t h e r  hand, i f  
y = 0,  t h e  optimum a i s  on t h e  boundary. I n  e i t h e r  case t h e  s o l u t i o n  f o r  
a can be  used t o  determine T from e q u a t i o n  (105) o r  ( 9 3 )  and t h e  t h r u s t  
a n g l e  q by e q u a t i o n  (94) .  A l a t e r  example w i l l  i l l u s t r a t e  t h i s  d i s c u s s i o n .  
Class B 2  aircraft: aerodynamics dependent on engine parameter- For many 
V/STOL a i r c r a f t  t h e  e f f e c t  of t h e  t h r u s t  parameter  on t h e  aerodynamic f o r c e s  
cannot be neglec ted .  Thus t h e  l i f t  and d r a g  are f u n c t i o n s  of t h r e e  v a r i a b l e s :  
L(V,a,T) and D(V,a,T). There are many examples of Class B 2  a i r c r a f t ,  such as 
t h e  e x t e r n a l l y  blown f l a p ,  t h e  augmentor wing, and t h e  upper s u r f a c e  blowing 
j e t  f l a p  a i r c r a f t  ( r e f s .  7-10). 
For t h i s  class of a i r c r a f t ,  t h e  t h r u s t i n g  f o r c e  i s  a f u n c t i o n  of a con- 
t r o l  v a r i a b l e  8 ,  such as t h r o t t l e  s e t t i n g  
and t h e  aerodynamic l i f t  and d r a g  c o e f f i c i e n t s  are f u n c t i o n s  of two v a r i a b l e s  
f o r  a f i x e d  f l a p  s e t t i n g :  
General ly ,  CL and CD w i l l  be  expressed  i n  g r a p h i c  form. The v a r i a b l e  0 i n  
fL and fD 
i t  i s  unavoidably in t roduced  o r  whether i t  is  purpose ly  in t roduced .  The con- 
sequence of  t h i s  i n t e r a c t i o n  i s  t h a t  t h e  minimizat ion i n  e q u a t i o n  (101) i s  
reflects t h e  i n t e r a c t i o n  of  t h r u s t  w i t h  t h e  aerodynamics, whether 
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d i f f i c u l t  because T appears  on both  s i d e s  of  t h e  equa t ion  and because CL 
and CD conta ined  i n  fT  w i l l  g e n e r a l l y  b e  i n  g raph ic  form. 
The minimiza t ion  i n  equa t ion  (101) can b e  so lved  by a two-dimensional 
s e a r c h  f o r  t h e  op t ima l  va lues  of T and a. Although v a r i o u s  s o p h i s t i c a t e d  
approaches f o r  s o l v i n g  equa t ion  (101) could be u t i l i z e d ,  h e r e  we w i l l  s imply 
do t h e  fo l lowing .  F i r s t ,  d e f i n e  c2 t o  be  t h e  squa re  of t h e  e r r o r  by which 
equa t ion  (99) o r  (93) is  n o t  s a t i s f i e d ,  t h a t  is, 
Second, examine t h e  mapping Txcl -+ E by f l o o d i n g  t h e  Txa space .  Th i rd ,  
select  t h e  set (Txa: E = 0 1 ,  t h a t  i s ,  t h e  s e t  s a t i s f y i n g  t h e  equa t ions  of 
motion. And f o u r t h ,  c a r r y  o u t  t h e  minimiza t ion  i n d i c a t e d  i n  equa t ion  (101) by 
s e l e c t i n g  t h e  member f o r  which T is  minimum. More c o n c i s e l y ,  
MinfT: T E (T,a) 3 E: = 01 
a 
I f  d e s i r e d ,  t h e  whole p rocess  can be c a r r i e d  ou t  d i r e c t l y  on t h e  computer s o  
t h a t  r e s u l t s  of i n t e r m e d i a t e  s t e p s  are n o t  d i sp l ayed .  
EXAMPLES 
I n  t h i s  s e c t i o n  we w i l l  i l l u s t r a t e  t h e  r e s u l t s  of app ly ing  t h e  preceding  
method t o  t h e  e v a l u a t i o n  of n o i s e  impact a t  a t y p i c a l  a i r p o r t .  F igure  7 shows 
an  a c t u a l  a i r p o r t ,  i n c l u d i n g  t h e  a i r p o r t  boundary, t h e  runway, and t h e  sur -  
rounding zoning p a t t e r n  as i n d i c a t e d  by t h e  codes.  Each of t h e  i r r e g u l a r -  
shaped areas (even w i t h  the  same zoning) cor responds  t o  a d i f f e r e n t  l and  
va lue ,  w i th  t h e  h ighe r  p r i ced  land  i n d i c a t e d  by planned r e s i d e n t i a l  zoning 
g e n e r a l l y  l y i n g  i n  t h e  sou the rn  p o r t i o n  of t h e  map. The n o i s e  impact i s  
determined by superimposing a n o i s e  f o o t p r i n t  on t h e  zoning p a t t e r n  and by 
e v a l u a t i n g  t h e  t o t a l  va lue  of land  s u b j e c t e d  t o  unacceptab le  n o i s e  l e v e l s .  
For t h i s  purpose w e  w i l l  cons ide r  t he  g e n e r a t i o n  of t h e  t akeof f  f o o t p r i n t s  f o r  
t h e  v a r i o u s  types  of a i r c r a f t .  The s a m e  e q u a t i o n s  a r e  v a l i d  f o r  l and ings .  
F i r s t ,  w e  w i l l  cons ide r  an  a p p l i c a t i o n  t o  an a i r c r a f t  of Class A ,  a 
r e p r e s e n t a t i v e  c u r r e n t  CTOL a i r c r a f t .  For t h i s  a i r c r a f t  c l a s s  t h e  t h r u s t  
ang le  i s  f i x e d  and t h e  aerodynamic f o r c e s  a r e  f u n c t i o n s  of on ly  v e l o c i t y  and 
angle  of a t t a c k  f o r  a f i x e d  f l a p  p o s i t i o n .  The d a t a  needed h e r e  f o r  such an  
a i r c r a f t  were taken  from r e f e r e n c e  3 and are as fo l lows:  
W = 781,047 N (175,595 l b )  
S = 144.93 m2 (1560 f t 2 )  
CL = 0.60 + 0.1065 
CD = 0.0845 + 1 . 1 3 6 ~ 1 0 - ~  a2 
Tmax = 192,154 N (43,200 l b )  
The n o i s e  source  c h a r a c t e r i s t i c s ,  which are needed as s t o r e d  in fo rma t ion  i n  
t h e  f o o t p r i n t  program, c o n s i s t  of d a t a  d e p i c t i n g  EPNdB as a f u n c t i o n  of two 
28  
v a r i a b l e s ,  t h e  s l a n t  range t o  t h e  observer  and t h e  magnitude of t h e  engine 
parameter ( i . e . ,  t h r u s t  l e v e l ) .  Representa t ive  d a t a  f o r  c u r r e n t  CTOL a i r c r a f t  
are shown i n  f i g u r e  8. 
100 
Varies 
S e t  t o  82.6 
82.6 
A f a c s i m i l e  of t h e  scope d i s p l a y  of  t h e  a i r p o r t  and surrounding zoning 
p a t t e r n s  i s  i l l u s t r a t e d  i n  f i g u r e  9. Shown h e r e  i s  t h e  coord ina te  system 
s t a r t i n g  a t  t h e  o r i g i n  of t h e  runway. Also shown on t h i s  f i g u r e  i s  t h e  f l i g h t  
p a t h  p a s s i n g  through t h e  chosen way-points ( i n d i c a t e d  by s m a l l  c i r c l e s )  w i t h  
chosen i n c l i n a t i o n  angles .  The way-points are p u t  i n  d i r e c t l y  on t h e  scope 
d i s p l a y  by t h e  o p e r a t o r  and sensed by t h e  computer, w h i l e  t h e  i n c l i n a t i o n  
a n g l e s  are p u t  i n  on a keyboard. With t h i s  in format ion  t h e  guidance g e n e r a t o r  
c a l c u l a t i o n s  are made i n  accordance w i t h  t h e  e q u a t i o n s  f o r  Case 3 and t h e  flow 
diagram of  f i g u r e  1. The computations made by t h e  guidance g e n e r a t o r  are s e n t  
d i r e c t l y  t o  t h e  f o o t p r i n t  program and are n o t  normally made a v a i l a b l e  t o  t h e  
o p e r a t o r .  However, f o r  purposes  of  i l l u s t r a t i o n ,  t h e s e  c a l c u l a t i o n s  are shown 
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1 ~ 1 1,.524.0- (5,000) 0 
954.87 (3,132.8) 3.75 0 
0 30,004.61 (98,440.3) 1 7.50 I 
The a i r c r a f t  c o n t r o l  g e n e r a t o r  c a l c u l a t i o n s  
Cont ro l  genera tor  o u t p u t  
a r e  determined by t h e  solu-  
t i o n  of e q u a t i o n s  (95) through (97) .  
i n v o l v e s  a one-dimensional s e a r c h  f o r  t h e  v a l u e  of a which s a t i s f i e s  b o t h  
e q u a t i o n s .  This  i s  i l l u s t r a t e d  i n  f i g u r e  10 f o r  t h e  t h i r d  segment, t h e  only 
one needed f o r  t h i s  simple t r a j e c t o r y .  Here t h e  v a r i a t i o n  of equat ions  (96) 
and (97) w i t h  a is  shown, and i t  can be  seen  t h a t  t h e r e  are two s o l u t i o n s  
c l o s e  t o g e t h e r .  The d e s i r e d  s o l u t i o n  i s  t h e  one i n d i c a t e d  because i t  r e q u i r e s  
less t h r u s t  and hence r e s u l t s  i n  less n o i s e .  The c o n t r o l s  f o r  t h e  t h r e e  seg- 
ments are summarized i n  t h e  l a s t  t h r e e  columns of t h e  above t a b l e .  
The s o l u t i o n  of e q u a t i o n s  ( 9 6 )  and (97) 
The informat ion  s e n t  t o  t h e  f o o t p r i n t  program c o n s i s t s  of columns 2 ,  3, 
4,and 5 of t h e  above t a b l e .  The o u t p u t  of t h e  f o o t p r i n t  program i s  g iven  by 
t h e  s ing le-event  n o i s e  contour  i n  f i g u r e  9. It i s  s e e n  t h a t  t h e  n o i s e  impact 
on t h e  sur rounding  community is  s u b s t a n t i a l .  Mqreover, t h e  l i m i t e d  maneuver- 
a b i l i t y  of t h i s  a i r c r a f t  r e l a t ive  t o  t h e  la ter  V/STOL a i r c r a f t  means t h a t  
l i t t l e  can be  done t o  a l l e v i a t e  t h i s  e f f e c t .  For example, t h e  ground-track 
corresponding t o  a 0.1-g t u r n  s t a r t i n g  a t  a n  a l t i t u d e  of 304.8 m (1000 f t )  i s  
shown by t h e  d o t t e d  l i n e  i n  f i g u r e  9; t h e  corresponding contour  i s  n o t  shown 
b u t  i t  i s  c lear  t h a t  t h e  n o i s e  impact would s t i l l  b e  s u b s t a n t i a l  because of  
t h e  l i m i t e d  maneuverabi l i ty  of t h i s  a i r c r a f t .  
The second example is  f o r  Class B 1  a i r c r a f t  which are t y p i f i e d  by r o t a t -  
a b l e  t h r u s t  v e c t o r s  and aerodynamic f o r c e s  t h a t  are independent  of t h r u s t .  A 
v e h i c l e  t h a t  f i t s  t h i s  ca tegory  approximately i s  t h e  l i f t - f a n  100-passenger 
commercial shor t -haul  t r a n s p o r t  s t u d i e d  i n  r e f e r e n c e s  5 and 6 .  To avoid 
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r e p e t i t i o n ,  w e  w i l l  i l l u s t r a t e .  f o r  t h i s  example o n l y  t h e  a i r c r a f t  c o n t r o l  
e q u a t i o n s .  For t h i s  purpose we w i l l  take t h e  f l i g h t  p a t h  of t h e  a i r c r a f t  and 
t h e  guidance e q u a t i o n s  t o  be  t h e  same as f o r  t h e  next  example, s i n c e  t h e  a i r -  
c r a f t  f o r  b o t h  examples are h i g h l y  maneuverable and can r e a d i l y  fo l low t h e  
r e q u i r e d  pa th .  This  p a t h  (shown i n  f i g .  11) h a s  been chosen as a p o t e n t i a l  
candida te  f o r  minimizing t h e  n o i s e  e f f ec t  on t a k e o f f  because i t  l a r g e l y  a v o i d s  
much of t h e  r e s i d e n t i a l  p roper ty .  It might b e  noted t h a t  t h i s  p a t h  does n o t  
r e q u i r e  t h e  p r e s e n t  l i f t - f a n  a i r c r a f t  t o  u t i l i z e  i t s  f u l l  c a p a b i l i t y  s i n c e  t h e  
p a t h  i s  a STOL f l i g h t  p a t h  whereas t h e  l i f t - f a n  a i r c r a f t  has  ver t ica l  f l i g h t  
c a p a b i l i t y .  
The a i r c r a f t  c o n t r o l  g e n e r a t o r  u t i l i z e s  t h e  o u t p u t  of t h e  guidance gener- 
a t o r  ( s ee  r e s u l t s  given i n  t h e  next  example) and t h e  b a s i c  a i r c r a f t  d a t a  t o  
determine t h e  o p t i m a l  c o n t r o l  f u n c t i o n s .  The a i rc raf t  c h a r a c t e r i s t i c s  needed 
f o r  t h e  s i m p l i f i e d  model h e r e  are taken from r e f e r e n c e s  5 and 6 and are 
W = 561,782 N (126,300 l b )  
S = 7 3 . 2 1  m2 ( 7 8 8  f t 2 )  
CL = 0.94 + 0.1017 
Cn = 0.18 + 0.001342 a2 
L 
Tmax - 646,050 N ( 1 4 5 , 2 4 5  I b )  
"L = 10" 
where t h e  e x p r e s s i o n s  f o r  
above r e f e r e n c e s .  The permiss ib le  magnitude of t h e  angle  of a t t a c k  a~ i s  
i n f l u e n c e d  by several  c o n s i d e r a t i o n s .  F i r s t ,  ver t ica l  g u s t  c o n s i d e r a t i o n s  
r e q u i r e  t h a t  a n  a s a f e t y  margin be  provided t o  i n s u r e  t h a t  t h e  peak of  t h e  
l i f t  curve  n o t  be  exceeded. Reference 11 i n d i c a t e s  t h e  magnitude of t h i s  
s a f e t y  margin should  be sin-1(20/V)o. 
l i m i t e d  f o r  reasons  of  passenger  comfort, t h a t  i s ,  t o  res t r ic t  t h e  p i t c h  
a t t i t u d e  of t h e  a i r c r a f t .  A reasonable  l i m i t  on a t o  s a t i s f y  b o t h  consider-  
a t i o n s  w i l l  be taken  t o  be 
i s  r e q u i r e d  f o r  each segment of t h e  f l i g h t  and fo l lows  previous  d i s c u s s i o n .  
For segment 3 ,  f o r  example, t h e  c o n t r o l  + = 0. The de termina t ion  o f  t h e  con- 
t r o l  a i n v o l v e s  s a t i s f y i n g  t h e  necessary  c o n d i t i o n s  given by e q u a t i o n s  (108) 
through (110). For t h i s  purpose t h e  Lagrangian is  
CL and CD have been f i t  t o  aerodynamic d a t a  i n  t h e  
Second, t h e  angle  o f  a t t a c k  should be  
ciL = 10".  The s o l u t i o n  of t h e  c o n t r o l  e q u a t i o n s  
L = - ( 2 3 , 2 0 2 . 9 2  + 17:576 C X ~ ) ~  - ( 1 1 2 , 2 5 6 . 9 3  - 1,331.939 - A(a + y2 - aL) 
Now i f  X = 0, Ly = 0 i s  s a t i s f i e d .  Then 
L, = 1 2 3 5 . 6 4  a 3  + 5 . 1 7 9 3 8 ~ 1 0 ~  a - 2 . 9 9 0 3 9 ~ 1 0 ~  + A = 0 
i s  s a t i s f i e d  by a = 4 1 . 1 3 " .  But then  L A  = -(a + y2 - 10) = 0 cannot be  
s a t i s f i e d .  On t h e  o t h e r  hand, i f  y = 0 ,  Ly = 0 i s  s a t i s f i e d ,  and LA = 0 
i s  s a t i s f i e d  by (y. on t h e  boundary, t h a t  i s ,  a = c i ~  = 10". F i n a l l y ,  La = 0 
i s  s a t i s f i e d  f o r  
optimum are s a t i s f i e d  w i t h  a on t h e  boundary. The o t h e r  c o n t r o l s  T and TI 
are then found u s i n g  t h i s  v a l u e  of  c1 and e q u a t i o n s  ( 9 3 )  and ( 9 4 ) .  The 
r e s u l t s  f o r  a l l  t h e  c o n t r o l s  are summarized f o r  a l l  segments i n  t h e  fol lowing:  
A = 2.46Ox1O8. Thus, a l l  t h r e e  necessary  c o n d i t i o n s  f o r  t h e  
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l o  
4 
5 ,  7, 9,  11 
6 ,  8, 10  14.2 1 1 0  
T ,  % 
100 
Varies 
S e t  t o  70.3 
70.3 
Varies 
S e t  t o  61.7 
61.7 
64.6 
n ,  deg 
57.97 
59.0 
The t h i r d  a p p l i c a t i o n  i s  t o  a v e h i c l e  of  class B2 which i s  c h a r a c t e r i z e d  
by a r o t a t a b l e  t h r u s t  v e c t o r  and aerodynamic f o r c e s  t h a t  are s i g n i f i c a n t l y  
a f f e c t e d  by t h r u s t .  I n  accordance w i t h  prev ious  d i s c u s s i o n ,  t h e  c h a r a c t e r i s -  
t i c s  of such v e h i c l e s  are r e p r e s e n t e d  i n  s k e t c h  (d) where 0 i s  t h e  primary 
engine parameter c o n t r o l l i n g  t h r u s t .  From an input-  
o u t p u t  viewpoint ,  t h e  i n t e r n a l  s t r u c t u r e  is  unim- -1 
p o r t a n t .  However, i n  o r d e r  t o  g e n e r a t e  and i n t e r p r e t  ';  T 
t h e  input-output  c h a r a c t e r i s t i c s ,  i t  i s  necessary  t o  
become concerned wi th  t h e  i n t e r n a l  s t r u c t u r e  f o r  a 
p a r t i c u l a r  a i r c r a f t .  It  w i l l  b e  convenient f o r  t h i s  
CL 
CD 
purpose t o  use a r e s e a r c h  v e r s i o n  of  t h e  augmentor 01 I 1 
wing a i r c r a f t  because o f  t h e  ready a v a i l a b i l i t y  of I 
t h e  r e q u i r e d  d a t a .  L - - - - - -  
I 
The augmentor wing a i r c r a f t  i s  provided w i t h  Sketch (d) 
d i r e c t  l i f t  by means of t h e  h o t  exhaus t  of  t h e  
engines  which can be r o t a t e d  downward from h o r i z o n t a l ,  cover ing  a range of q 
from 0 t o  98". I n  a d d i t i o n ,  t h e  normal l i f t  of t h e  wings h a s  been augmented 
by t h e  a d d i t i o n  of a c o l d  a i r  d u c t  and f l a p  redes ign  t h a t  exhaus ts  t h e  co ld  
a i r  a long  t h e  wing. This  r e s u l t s  i n  added l i f t  due t o  i n c r e a s e d  c i r c u l a t i o n .  
For such a v e h i c l e  t h e  i n t e r n a l  s t r u c t u r e  i s  as shown i n  s k e t c h  ( e ) ,  where 0 
i s  t h e  engine  t h r o t t l e  a n g l e ,  T i s  
t h e  t h r u s t  due t o  t h e  h o t  exhaus t  g a s ,  
TC i s  t h e  c o l d  t h r u s t ,  and CJ is  
t h e  c o l d  t h r u s t  c o e f f i c i e n t  d e f i n e d  by 
CJ = TC/qS. The c h a r a c t e r i s t i c s  of  
t h e  unlabe led  boxes w e r e  ob ta ined  
from r e f e r e n c e  9 and are shown i n  
f i g u r e s  12  and 13. 
It is  worth r e i t e r a t i n g  t h a t  t h e  
aerodynamic c h a r a c t e r i s t i c s  shown are 
r e p r e s e n t a t i v e  of  t h i s  c lass  of  air- 
c r a f t  i n  which t h r u s t  i n t e r a c t s  w i t h  
aerodynamic f o r c e s .  That i s ,  t h e  
l i f t  and d r a g  c o e f f i c i e n t s  are 
I 







Sketch ( e )  
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i n v a r i a b l y  given as a f u n c t i o n  of two v a r i a b l e s ,  t h e  a n g l e  of  a t t a c k  and an 
i n t e r a c t i o n  parameter  (such as CJ) r e l a t e d  t o  t h e  t h r u s t  ( s ee  d a t a  given i n  
r e f .  7 f o r  a v a r i e t y  of  c o n f i g u r a t i o n s ) .  Although t h e  p h y s i c a l  mechanism of 
t h i s  i n t e r a c t i o n  depends on t h e  s p e c i f i c  a i r c r a f t  t ype ,  t h e  input-output  char- 
acter is t ics  are a l l  d e s c r i b e d  by similar k i n d s  of d a t a .  
The remaining c h a r a c t e r i s t i c s  of t h e  v e h i c l e  under s tudy  are ( s e e r e f .  9 ) :  
W = 1 7 7 , 9 2 0  N ( 4 0 , 0 0 0  l b )  
S = 80.36 m2 ( 8 6 5  f t 2 )  
T,, = 6 1 , 6 0 5  N ( 1 3 , 8 5 0  l b )  
F i n a l l y ,  t h e  n o i s e  c h a r a c t e r i s t i c s  may vary  depending on t h e  a i r c r a f t  type  and 
t h e  l e v e l  of n o i s e  suppress ion  technology i n c o r p o r a t e d  i n t o  t h e  a i r c r a f t .  
Since t h e  s e n s i t i v i t y  of  n o i s e  e f f e c t  t o  t h e  leve l  of n o i s e  suppress ion  i s  of 
i n h e r e n t  i n t e r e s t ,  w e  w i l l  t a k e  t h e  two d i f f e r e n t  levels ,  A and B ( f i g .  1 4 )  t o  
i l l u s t r a t e  t h e  r e s u l t s .  Level B is  taken  from unpublished FAA d a t a  which are 
approximately t h e  s a m e  as d a t a  g iven  i n  r e f e r e n c e  7 ,  w h i l e  level  A h a s  been 
i n c r e a s e d  by 10 dB i n  o r d e r  t o  i n v e s t i g a t e  t h e  s e n s i t i v i t y  t o  t h i s  parameter .  
The f l i g h t  p a t h  chosen f o r  t h e  a i r c r a f t  t o  f l y  i s  shown by t h e  f a c s i m i l e  
of t h e  scope d i s p l a y  i n  f i g u r e  11. The way-points, which are chosen d i r e c t l y  
on t h e  scope d i s p l a y ,  are i n d i c a t e d  by t h e  s m a l l  c i rc les ,  and t h e  i n c l i n a t i o n  
a n g l e s ,  which are  p u t  i n  through t h e  keyboard, a r e  a l s o  i n d i c a t e d .  With t h i s  
in format ion ,  t h e  guidance g e n e r a t o r  c a l c u l a t i o n s  are made i n  accordance w i t h  
prev ious  d i s c u s s i o n .  Again, t h e  r e s u l t s  of t h e s e  computations are normally 
s e n t  d i r e c t l y  t o  t h e  f o o t p r i n t  program and are n o t  a v a i l a b l e  f o r  i n s p e c t i o n .  
However, t h e  r e s u l t s  are i l l u s t r a t e d  i n  t h e  fol lowing.  
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Varies 
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Length - o r  a n g l e ,  
m ( f t )  o r  deg 
1 9 4 . 9  ( 6 3 9 . 4 )  
218.2 ( 7 1 5 . 8 )  
196 .5  ( 6 4 4 . 6 )  
914.4 ( 3 , 0 0 0 )  
239.6 ( 7 8 6 . 2 )  
254 .3  ( 8 3 4 . 2 )  
27.4" 
847 .2  ( 2 , 7 7 9 . 4 )  
45.8" 
6037.4  ( 1 9 , 8 0 7 . 8 )  
38. a" 
The informat ion  i n  columns 2 ,  3 ,  and 5 are s e n t  t o  t h e  f o o t p r i n t  program 
t h e  informat ion  i n  columns 2 ,  3 ,  and 4 are s e n t  t o  t h e  a i r c r a f t  c o n t r o l  
program. 
while  
The g e n e r a t i o n  of  t h e  opt imal  c o n t r o l s  fo l lows  t h e  theory  previous ly  
descr ibed .  The mapping Txa + E h a s  been i n v e s t i g a t e d  numerical ly  and t h e  
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set obta ined  f o r  which E = 0 ( s e e  eq.  (111)) .  For i l l u s t r a t i o n ,  t h i s  se t  is 
d i s p l a y e d  i n  f i g u r e  15  f o r  segment 5 of  t h e  f l i g h t  pa th .  Also  shown i s  t h e  
o t h e r  c o n t r o l  q. From t h i s  f i g u r e ,  t h e  removal of  t h e  redundancy by t h e  min- 
i m i z a t i o n  i n  equat ion  (101) so  as t o  minimize t h e  n o i s e  amounts t o  simply 
choosing t h e  minimum T s u b j e c t  t o  c o n s t r a i n t s  on c1 and n .  It can be seen  
t h a t  t h e  t r u e  minimum T occurs  a t  e s s e n t i a l l y  t h e  boundary of t h e  11 con- 
s t r a in t  q -< 0 as shown. The computer program does n o t  l o c a t e  t h i s  p o i n t  
p r e c i s e l y  because o f  t h e  f i n i t e  increments  i n  T used ( l i m i t e d  t o  about  
80 l b ) .  Thus, t h e  computer program s o l u t i o n  is  s l i g h t l y  i n  e r r o r .  Note t h a t  
t h i s  e r r o r  r e s u l t s  i n  a s i g n i f i c a n t  d i f f e r e n c e  i n  0 between t h e  two p o i n t s .  
However, t h i s  is  an academic p o i n t  t h a t  i s  n o t  o f  g r e a t  concern because t h e  
engine  parameter  T, which determines t h e  n o i s e  impact ,  i s  e s s e n t i a l l y  t h e  
s a m e  f o r  e i t h e r  s o l u t i o n .  A more s o p h i s t i c a t e d  o p t i m i z a t i o n  procedure could 
l o c a t e  t h e  t r u e  minimum p r e c i s e l y ,  bu t  t h i s  w a s  n o t  considered necessary  h e r e .  
A summary of  t h e  r e s u l t s  of c a l c u l a t i o n s  f o r  a l l  t h e  c o n t r o l s  over  t h e  e n t i r e  
f l i g h t  p a t h  i s  shown i n  t h e  fo l lowing .  Of t h e  c o n t r o l s  shown, only t h e  d a t a  
f o r  T needs t o  be  s e n t  t o  t h e  f o o t p r i n t  program. 
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The o u t p u t  of t h e  f o o t p r i n t  program i s  d isp layed  i n  
s ing le-event  90 EPNdB contours .  The two contours  r e p r e s e n t  t h e  
16  by t h e  
r e s u l t s  f o r  
t h e  two d i f f e r e n t  l eve ls  of technology. For t h e  leve l  A technology,  i t  i s  
seen  t h a t  t h e  n o i s e  e f f e c t  on t h e  r e s i d e n t i a l  p r o p e r t y  i s  f a i r l y  small because 
of t h e  c a p a b i l i t y  of  t h e  a i r c r a f t  t o  f l y  a curved p a t h  t h a t  avoids  most of t h e  
n o i s e - s e n s i t i v e  areas. F u r t h e r ,  t h e  s t e e p  f l i g h t - p a t h  c a p a b i l i t y  c o n t r i b u t e s  
t o  t h i s  r e d u c t i o n .  On t h e  o t h e r  hand, t h e  leve l  B technology i s  s u f f i c i e n t  t o  
conf ine  t h e  n o i s e  e f f e c t  t o  w i t h i n  t h e  a i r p o r t ' b o u n d a r y .  Comparisons such as 
t h i s  are of obvious use i n  i n v e s t i g a t i n g  t h e  s e n s i t i v i t y  of t h e  a c t u a l  n o i s e  
impact t o  t h e  n o i s e  technology level of  t h e  a i r c r a f t .  
CONCLUDING REMARKS 
A few p o i n t s  r e g a r d i n g  t h i s  paper  are worth emphasizing. The methodology 
presented  h e r e  a l lows  complete f l e x i b i l i t y  i n  de te rmining  t h e  d e s i r e d  f l i g h t  
p a t h  of t h e  a i r c r a f t .  This  i s  impor tan t  because advanced V/STOL a i r c r a f t  have 
much g r e a t e r  maneuvering c a p a b i l i t y  t h a n  t h e  convent iona l  c u r r e n t  CTOL 
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a i r c r a f t .  I f  t h e  advantages of t h i s  g r e a t e r  maneuverabi l i ty  i n  terms of 
inc reased  a i r s p a c e  c a p a c i t y ,  reduced de lays ,  reduced n o i s e ,  e tc . ,  are t o  be  
shown, t h e  methodology must be f l e x i b l e  enough t o  be  a b l e  t o  account  f o r  t h e s e  
g r e a t e r  c a p a b i l i t i e s .  The methodology d i scussed  h e r e  i s  f l e x i b l e  enough t o  
p e r m i t  t h e  s imultaneous cons ide ra t ion  of  maneuvers i n  a l l  t h r e e  axes. Also,  
t h e  t r a n s i t i o n s  between s t r a i g h t - l i n e  segments are uniquely de f ined ,  t h a t  i s ,  
t h e r e  i s  no n e c e s s i t y  t o  i terate between the  t r a n s i t i o n  f l i g h t  p a t h s  and t h e  
a c c e l e r a t i o n s .  
There are a number of  areas f o r  f u r t h e r  r e s e a r c h  and development. F i r s t ,  
s i n c e  t h i s  r e p o r t  w a s  r e s t r i c t e d  t o  t h e  development of  t h e  equa t ions ,  f u r t h e r  
work should d e a l  w i th  t h e  implementation of t h e  computer program of t h e  models 
t o  provide  t h e  d e s i r e d  on-l ine i n t e r a c t i v e  c a p a b i l i t y .  Second, f u r t h e r  devel-  
opment of t h e  f o o t p r i n t  program t h a t  w a s  used could be made i n  t h e  fo l lowing  
d i r e c t i o n s :  
1. 
i n t e r a c t i o n .  
The speed of t h e  program could be  inc reased  f o r  b e t t e r  man-machine 
2 .  The maximum number of segments allowed could be inc reased  from t h e  
p r e s e n t  fou r .  
3. A r e l a t i v e l y  minor change could be made t o  enhance on- l ine  ope ra t ion  
so as t o  g ive  t h e  ope ra to r  c o n t r o l  of t h e  t e rmina t ion  of t h e  contour  computa- 
t i o n s  r a t h e r  than  a l lowing  the  program i t s e l f  t o  t e rmina te  t h e  computations,  
sometimes premature ly .  
4 .  The program could be changed t o  avoid t h e  p o s s i b i l i t y  of producing an 
i n c o r r e c t  no i se  l e v e l  a t  a given observer  p o s i t i o n  by bas ing  t h e  computations 
on the  segment producing t h e  g r e a t e s t  n o i s e  r a t h e r  t han  on t h e  c l o s e s t  segment. 
5. The program could be improved t o  i n c o r p o r a t e  a n i s o t r o p i c  n o i s e  
c h a r a c t e r i s t i c s .  
F i n a l l y ,  t he  gene ra t ion  of t h e  a i r c r a f t  c o n t r o l  f u n c t i o n s  w a s  n o t  d e a l t  w i th  
adequate ly .  S o p h i s t i c a t e d  op t imiza t ion  methods could b e  u t i l i z e d  t o  g r e a t  
advantage t o  seek  ou t  t h e  d e s i r e d  s o l u t i o n s  more e f f i c i e n t l y  than  w a s  done 
he re .  
Ames Research Center  
Na t iona l  Aeronaut ics  and Space Adminis t ra t ion  
Moffet t  F i e l d ,  C a l i f o r n i a  94035, November 1 7 ,  1977 
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Figure  2.- I l l u s t r a t i o n  f o r  Case 1: Lateral  and normal a c c e l e r a t i o n s .  
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Figure 4.- Illustration for Case 3: Normal acceleration only. 
Figure 5.- Illustration for Case 4 :  
V = O  1 
Longitudinal acceleration only. 
41 
T 




I L + T sin L+n)  I sin 
mg cos 7 
PLANE PERPENDICULAR TO V 
HORIZONTAL PLANE 
Figure 6 . -  Diagram of forces. 
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Figure  7.- Typ ica l  a . i rpo r t  and sur rounding  community. 
I 
















100 1000 10,000 
SLANT RANGE, m 
Figure 8.- Noise characterist ics for  example CTOL a i rc raf t .  



















Figure 10.- Solution for controls T and 01 
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THROTTLE ANGLE 8, deg 
Figure 12.-  Hot and c o l d  t h r u s t  ve r sus  t h r o t t l e  angle  f o r  example j e t  STOL 
a i r c r a f t  . 
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Figure 15.- Optimal c o n t r o l s  f o r  example powered-l i f t  STOL a i r c r a f t  of 
Class B 2 ;  Segment 5. 
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Figure 16.- 90 EPNdB n o i s e  f o o t p r i n t s  f o r  example STOL a i r c r a f t .  
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A s  p a r t  of a NASA program t o  i n v e s t i g a t e  t e c h n i c a l  approaches f o r  i n c r e a s i n g  t h e  t e rmina l  
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f o r  i n v e s t i g a t i n g  t h e  r e d u c t i o n  of community n o i s e  impact .  There are a number of computer pro- 
grams a v a i l a b l e  f o r  t h e  gene ra t ion  of n o i s e  f o o t p r i n t s ,  a l l  of which r e q u i r e  v a r i o u s  i n p u t  d a t a  
t h a t  a r e  usua l ly  unava i l ab le .  This  r e p o r t  is  concerned w i t h  the  development of two models t o  pro- 
v ide  such d a t a :  a guidance gene ra to r  and an a i r c r a f t  c o n t r o l  gene ra to r  s u i t a b l e  f o r  v a r i o u s  cur- 
r e n t  and advanced types  of a i r c r a f t .  The guidance gene ra to r  produces t h e  commanded p a t h  informa- 
t i o n  from i n p u t s  chosen by an  o p e r a t o r  from a g raph ic  scope d i s p l a y  of a land-use map of t h e  
t e rmina l  a r e a .  The guidance gene ra to r  a l s o  produces smoothing a t  the  j u n c t i o n s  of s t r a i g h t - l i n e  
p a t h s .  The a i r c r a f t  c o n t r o l  gene ra to r  de te rmines  t h e  opt imal  set  of t h e  a v a i l a b l e  c o n t r o l s  such  
t h a t  t h e  a i r c r a f t  w i l l  f o l low t h e  commanded p a t h .  The s o l u t i o n s  f o r  t h e  c o n t r o l  func t ions  are 
g iven  and shown t o  be dependent on t h e  class o f  a i r c r a f t  t o  be cons idered ,  t h a t  i s ,  whether t h e  
t h r u s t  v e c t o r  i s  r o t a t a b l e  and whether t h e  t h r u s t  v e c t o r  a f f e c t s  t h e  aerodynamic f o r c e s .  For t h e  
c l a s s  of a i r c r a f t  posses s ing  a r o t a t a b l e  t h r u s t  v e c t o r ,  t h e  s o l u t i o n  i s  redundant ;  t h i s  redundancy 
i s  removed by the  a d d i t i o n a l  cond i t ion  t h a t  t h e  n o i s e  impact be minimized. Informat ion  from bo th  
t h e  guidance gene ra to r  and t h e  a i r c r a f t  c o n t r o l  gene ra to r  i s  used by t h e  f o o t p r i n t  program t o  
c o n s t r u c t  t he  no i se  f o o t p r i n t .  
The complete package of models provides  a u s e f u l  methodology f o r  c o n s t r u c t i n g  an i n t e r a c t i v e  
g raph ic s  t o o l  f o r  r a p i d l y  a s s e s s i n g  t h e  e f f e c t s  of d i f f e r e n t  a i r c r a f t  t echno log ie s ,  f l i g h t  p a t h s ,  
a i r c r a f t  mixes,  and o t h e r  v a r i a b l e s ,  and r o r  t h e  minimiza t ion  of n o i s e  impact.  These e f f e c t s  are 
i l l u s t r a t e d ,  u t i l i z i n g  an  e x i s t i n g  f o o t p r i n t  program, by s e v e r a l  examples which c o n s i s t  of t h r e e  
broad c l a s s e s  of CTOL and V/STOL a i r c r a f t .  
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